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Spectral Statistics of Random d-regular Graphs

Abstract

In this thesis we study the uniform random d-regular graphs on N vertices from a
random matrix theory point of view.

In the first part of this thesis, we focus on uniform random d-regular graphs with
large but fixed degree. In the bulk of the spectrum down to the optimal spectral scale,
we prove that the Green’s functions can be approximated by those of certain infinite
tree-like (few cycles) graphs that depend only on the local structure of the original
graphs. This result implies that the Kesten—-McKay law holds for the empirical
eigenvalue density down to the smallest scale and the bulk eigenvectors are completely
delocalized. Our method is based on estimating the Green’s function of the adjacency
matrices and a resampling of the boundary edges of large balls in the graphs.

In the second part of this thesis, we prove, for 1 < d < N?/3, in the bulk of
the spectrum the local eigenvalue correlation functions and the distribution of the
gaps between consecutive eigenvalues coincide with those of the Gaussian orthogonal
ensemble. In order to show this, we interpolate between the adjacent matrices of
random d-regular graphs and the Gaussian orthogonal ensemble using a constrained

version of Dyson Brownian motion.
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1. INTRODUCTION

Random d-regular graphs are fundamental models of sparse random graphs and
they arise naturally in many different contexts. The spectral properties of their
adjacency matrices are of particular interest in computer science, combinatorics, and
statistical physics. The relevant topics include the theory of expanders (see e.g. [80]),
quantum chaos (see e.g. [82]), error-correcting codes (see e.g. [81, 84]) and graph
(-functions (see e.g. [88]).

For a (uniform) random d-regular graph G on N vertices, we denote its adjacency
matrix by A = A(G). Thus A is uniformly chosen among all symmetric N x N
matrices with entries in {0,1} with » . A;; = d and A; = 0 for all i. Note that
A has the trivial constant eigenvector with eigenvalue d. We also use the rescaled
adjacency matrix H = A/v/d — 1, and we denote the set of (simple) d-regular graphs
on N vertices by Gug4. In this thesis we study the spectral properties of uniform
random d-regular graphs on N vertices, i.e. the eigenvalues and eigenvectors of H,
from a random matrix theory point of view.

For random matrices of Wigner type, their spectral properties were extensively
studied in the past twenty years. Precise estimates on the eigenvalues and eigenvec-

tors of these matrices were well-understood (see e.g., [42, 86, 63, 36]):

(i) The empirical eigenvalue density is given by the semicircle law pg.(x) =
[4 — 22|, /(27) on all scales larger than N 1.
(ii) The normalized eigenvectors are uniformly bounded in £*°-norm by N—!/2
(up to logarithmic correction).
(iii) The extremal eigenvalues are concentrated on scale N~2/3,
(iv) Both bulk and edge universality holds; in particular, the distributions of the

extremal eigenvalues are the same as those of Gaussian matrix ensembles

(Tracy-Widom distributions).
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The first three properties usually can be proved via estimates on the Green’s func-
tion; the proofs of universality involve Dyson Brownian Motion or other comparison
methods (see [36] for a review).

There are two major differences between Wigner type random matrices and the
adjacency matrices of random d-regular graphs. Firstly, the entries of the adjacency
matrices of random d-regular graphs are not independent. The entries have long
range correlations, because of the restriction that the row sums and column sums
are d. Secondly, for sparse random d-regular graphs, i.e. d < N, there is not much
randomness. Because there are only d nonzero entries in each row and column in
the adjacency matrices. However, extensive simulations indicate that (i)-(iv) hold for
random regular graphs even with fixed degrees [75, 54, 76, 50].

For random d-regular graphs with growing degrees, i.e. d € [¢*, N?/3¢72/3] proper-
ties (i), (ii), were proved in [19]. One main result of this thesis is to show the bulk uni-
versality in (iv) holds for random d-regular graphs in the regime d € [N°() N2/3—o()],
In order to show this, we interpolate between the adjacency matrices of random d-
regular graphs and the Gaussian orthogonal ensemble using a constrained version of
Dyson Brownian motion.

For random d-regular graphs with fized degree, previous results generally concern
properties of eigenvalues and eigenvectors near the macroscopic scale. Weak versions

of (i) and (ii) were proved in [33]: the empirical eigenvalue density is given by the

Kesten-McKay law, —%5-L1/[4(d — 1) — 2?]; on the spectral scales (log N)=%(1);
normalized eigenvectors are uniformly bounded in /*-norm by (log N)~%(). A weak
version of (iii) that for any fixed € > 0, the nontrivial eigenvalues of A are contained
in [~2v/d — 1 —¢,2v/d — 1+4¢] was conjectured in [13] and proved in [46]; see also [21]
for recent alternative arguments. It was also shown that the scale € can actually be

taken to be Q((log N)/loglog N) in [21]. Another main accomplishment of this thesis

is the proof that the Kesten—-McKay law holds for the empirical eigenvalue density
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down to the smallest scale and the bulk eigenvectors are completely delocalized, i.e.
(i) and (ii) hold, provided d is larger than certain constant. For this, we introduce
an approach that allows the tools developed from random matrix theory to make use
of the local geometry of random regular graphs, while it also captures key random
matrix behavior.
Notation. For two quantities X and Y depending on N, we use the notations X =
O«(Y) if Y is positive and |X| < Y; X = O(Y) if X,Y are positive and there
exists some universal constant C' such that X < CY; X = oY), X < Y or
Y > X if YV is positive and limy_,,, X/Y = 0; X = Q(Y) if X,Y are positive
and liminfy_,o X/Y > 0. We write [a,b] = [a,b] NZ and [N] = [1, N].

1.1. Main results I: Spectral density and eigenvector delocalization. In the
first part of this thesis, we consider random regular graphs of large but fixed degree d.
We prove that the Kesten-McKay law holds for the empirical eigenvalue density down
to the smallest scale and the bulk eigenvectors are completely delocalized.

It is well known that most regular graphs of a fixed degree d > 3 are locally tree-like
in the sense that: (i) for any fixed radius R (and actually for R = (log, ; N)), the
radius- R neighborhoods of almost all vertices are the same as those in the infinite d-
regular tree; (ii) the R-neighborhoods of all vertices have bounded excess, which is the
smallest number of edges that must be removed to yield a tree; see e.g. Proposition 2.1
below. The tree-like structure is important for the following results, valid in general

for deterministic graphs and in some cases requiring randomness as well.

(i) For regular graphs with locally tree-like structure, the macroscopic spec-

tral density of A converges to the Kesten-McKay law [59, 70|, characterized

by the density —z%— xQ o \/ — 1) — 2?]4. For random regular graphs, the
Kesten-McKay law was established on spectral scales (log N)~Y) [33, 48, 15]
by using the fact that the locally tree-like structure holds with high proba-
bility in neighborhoods of radius Q(log, ; N).
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(ii) For regular graphs with locally tree-like structure, the eigenvectors v of A are
weakly delocalized: their entries are uniformly bounded by (log N)~%M |,
[33, 48, 26] and their 2-mass cannot concentrate on a small set [26]. If, in
addition, the graphs are expanders, the eigenvectors of A also satisfy the
quantum ergodicity property [15, 25, 14].

(iii) For random regular graphs using the locally tree-like structure as important
input, for any fixed € > 0, the nontrivial eigenvalues of A are contained in
[—2v/d — 1 —¢,2v/d — 1+¢]. This was conjectured in [13] and proved in [46];
see also [78, 21] for recent alternative arguments. It was also shown that the

scale € can actually be taken to be ((log N)/loglog N) in [21].

To take advantage of both the local tree-like structure and the random matrix-like
structure, we use switchings to resample the boundaries of large balls (see Section 3.3).
This operation preserves the local tree-like structure and it also captures sufficient
global structure in random regular graphs. This resampling generalizes and adds a
geometric component to the local resampling method introduced in [19] for random
regular graphs with d > log N. The idea of using some form of switchings in studying
random regular graphs goes back at least to [71], where it was used in the enumeration
of such graphs; see also [92] for further applications in enumeration. Finally, to
analyze the propagation of the boundary effect to the interior of the ball in the

Green’s function, we explicitly compute the Green’s function of the tree-like graphs.

1.1.1. Spectral density. With high probability, the spectral measure of the rescaled
adjacency matrix H = A/+/d — 1 converges weakly to the rescaled Kesten—-McKay

law with density given by

(1.1) palz) = (1 + ﬁ - %2) h %

This convergence can be expressed as m(z) = mg(z)+o(1) for any z € C; independent

of N, where my(z) is the Stieltjes transform of pg, and m(z) is the Stieltjes transform



of the empirical spectral measure of H,

(12) ma(z) = / . ! NN, m(z) = %Z : 1

)
J=1 ;T

and C, = {z € C : Im[z] > 0} is the upper half-plane. The imaginary part of the
spectral parameter z € C, determines the scale of the convergence. In particular,
the convergence m(z) — my(2) for all fixed z corresponds to the convergence on the
macroscopic scale, i.e., for intervals containing order N eigenvalues. The following
theorem gives the convergence on the optimal mesoscopic scale Im[z] > 1/N, away

from the spectral edges at +2.

Theorem 1.1 (Local Kesten-McKay Law). Fiz o > 4, w > 8 and vVd —1 > (w +
1)22¢+45  Then with probability 1 — o( N=“8) with respect to the uniform measure on

GN,a,

(1.3) [m(z) —ma(z)| = O(log N)™*

uniformly for

(14)  2€D:={zeCy:Imfz] > (logN)® /N, [2£2]> (logN) */*™}.

While Theorem 1.1 shows that the spectral density (or its Stieltjes transform,
which is the trace of the Green’s function) does concentrate, the individual entries
of the Green’s function of the random regular graph with bounded degree do not
concentrate; see also Remark 3.2 below. This is different from the typical examples
in random matrix theory, and it is one of the reasons that the fixed degree graphs
require a more delicate analysis. For example, the random regular graph contains a
triangle with probability uniformly bounded from below. For graphs with bounded
degree, triangles and other short cycles have a strong local influence on the elements

of the Green’s function, and thus the spectrum.
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F1GURE 1. Theorem 1.2 shows that a random d-regular graph has only
completely delocalized eigenvectors with probability 1 —o(N~“¥). On
the other hand, it is not difficult to show that a random d-regular graph
has localized eigenvectors with probability Q(N~9*2). For example, a
random 3-regular graph contains the subgraph shown on the left with
probability Q(N~!). For comparison, also notice that an Erdés—Rényi
graph with finite average degree contains localized eigenvectors with
probability €(1); see the right figure.

1.1.2. FEigenvectors. The following theorem states that the eigenvectors in the bulk

of the spectrum are completely delocalized.

Theorem 1.2 (Eigenvector delocalization). Fiz o > 4, w > 8 and vVd—1 > (w +
1)22¢+45  Then, with probability 1 — o(N~“T8) with respect to the uniform measure
on Gy 4, the eigenvectors v of H whose eigenvalue X obeys |\ 42| > (log N)'=%/2 are

simultaneously delocalized:

\/§(log N)24a+1/2
\/N ||U||2

Theorem 1.2 shows that with probability 1 — o(N~“*®), the eigenvectors are com-

(1.5) [0][e <

pletely delocalized. On the other hand, it is easy to see that, with probability
Q(N~4*2), the random d-regular graph has a localized eigenvector (see Figure 1).
In particular, (1.5) cannot hold with probability higher than polynomial in 1/N.
Moreover, the Erd6s—Rényi graph with finite average degree d has localized eigenvec-
tors with probability ©(1). Thus (1.5) with probability tending to 0 is false for the

Erd6és-Rényi graph with finite average degree d.
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The delocalization of eigenvectors of (random and deterministic) regular graphs
has been studied in [90, 33, 48, 15, 64, 26, 25, 14] (see also [77] for a survey of results
on eigenvector delocalization in random matrices). Our result implies the optimal
bound of order 1/4/N (up to logarithmic corrections) on the £*-norms of the (bulk)
eigenvectors of random regular graphs.

For (deterministic) locally tree-like regular graphs, it was previously proved that
the eigenvectors v are weakly delocalized in the sense that ||v]|. < (log N)~¢[|v||2
(33, 48, 26|, and that eigenvectors cannot concentrate on a small set, in the sense
that any vertex set V. C [N] with >,y |v;]* > ellv]] must have at least N°©
elements [26]. Moreover, for deterministic locally tree-like regular expander graphs,
it was proved that the eigenvectors v satisfy a quantum ergodicity property: for all
a € RY with ||la]|o < 1 and Y, a; = 0, averages of | >_. a;v?|? over many eigenvectors

v are close to 0 [15, 25, 14].

1.2. Main results II: Bulk Universality. In the second part of this thesis, we
focus on the regim 1 < d < N%3. On this regime, it is known [90, 19, 33] that
the eigenvalue density of (d — 1)~'/2A converges to the Wigner semicircle law whose
density is pe(z) := /[4 — 22, /(27). For d at least (log N)*, it was established
in [19], the semi-circle law holds for the empirical eigenvalue density down to the
smallest scale and the bulk eigenvectors are completely delocalized. Using the local
semi-circle law as input, we prove that in the bulk of the spectrum the local eigenvalue
correlation functions and the distribution of the gaps between consecutive eigenvalues
coincide with those of the Gaussian orthogonal ensemble. In order to show this,
we interpolate between the adjacency matrices of random d-regular graphs and the
Gaussian orthogonal ensemble using a constrained version of Dyson Brownian motion.

As the adjacency matrix of a d-regular graph (RRG), the matrix A has the trivial
uniform eigenvector e := N~Y2(1,...,1)* with eigenvalue d. We denote by \; >

... = Any_1 the ordered nontrivial eigenvalues of the rescaled adjacency matrix H,



8
and by Errg the expectation with respect to the induced law on A\y > ... > Ay_1.
By comparison, we denote by Eqog the expectation with respect to the law of the
ordered eigenvalues \; > ... > Ay_; of the Gaussian Orthogonal Ensemble (GOE)
on RV=Dx(N=1) "normalized so that the off-diagonal entries have variance N~!.

The typical locations ~; of the eigenvalues under the semicircle law are defined by

(1.6) % - / poe(z) dz

7

Theorem 1.3. Fiz o > 0, and suppose that d € [N®, N?/37%]. Then, in the limit
N — o0, the bulk gap statistics of the random d-reqular graph coincide with those of
the GOE. More precisely, for any fired k > 0, n € N, and ¢ € C*(R"), we have

(1.7) (ERRG - EGOE) ¢(Npsc(%')()\i = Ait1)y - Npse(vi) (Ai — )\i+n)) = o(1)
as N — oo, uniformly in i € [kN, (1 — k)N]J.

Next, let p, denote the symmetrized joint law of the eigenvalues of the ensemble

# = RRG,GOE. The correlation functions are defined for n € [1, N — 1] by
(1.8) PEO(AN, . dA) = py(dA, .., A, RYTIT).

Theorem 1.4. Fiz o > 0, and suppose that d € [N® N?/37]. Then, in the limit
N — 00, the local correlation functions of the random d-reqular graph coincide with

those of the GOE. More precisely, for any fizedn € N, ¢ € C°(R"), and E € (—2,2)

we have
(1.9)
n n dzy d[L‘n
(bx,...,an”p() —p() <E+—,...,E—|——> = o(l).
o ( 1 ) ( RRG GOE) Npsc(E) Npsc(E) ( )

For the GOE, the eigenvalue correlation functions are known explicitly; see e.g.
[73]. Hence, the quantities for the GOE appearing on the left-hand sides of (1.7)

and (1.9) can be computed explicitly. In fact, the eigenvalue gap distribution has
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only been computed in the sense of averages over the gap index; for the GUE, the
computation for a fixed gap was performed in [85].

The proofs of Theorems 1.3—-1.4 follow the general three-step strategy developed
in [42, 41, 40]; see e.g. [43] for a survey. In our setup, the strategy is formulated
precisely in Section 4.1. The general idea is to study the convergence of eigenvalue
statistics under Dyson Brownian motion (DBM) [34]. The three steps consist of (i)
a local law providing precise estimates on the eigenvalue density down to the scale of
individual eigenvalues, as well as the complete delocalization of the eigenvectors; (ii)
the universality of the local eigenvalue statistics after the short time t = N~'%9; and
(iii) effective approximation of the local eigenvalue statistics of the original matrix
ensemble at ¢t = 0 by the one evolved up to time t = N1+,

In all previous instances of the three-step strategy outlined above, the independence
of the matrix entries was crucial for steps (i) and (iii). For the random regular graph,
a new approach is required for both of these steps, the last one of which is the
main content of this paper. The local law for random regular graphs was recently
established in [19], thus performing step (i). As for step (ii), the convergence of the
local eigenvalue statistics under DBM with deterministic initial data was recently
established in [63], under the sole assumption that the eigenvalue density be bounded
at the scale N~ Therefore the local semicircle law provides sufficient control on
the eigenvalues so that using [63, 19] we can perform step (ii).

Thus, the main difficulty is step (iii). There are several known methods for per-
forming this step, including Lindeberg’s proof of the central limit theorem combined
with higher moment matching conditions [86], or the Green’s function comparison
theorem [45]. For short times, a more direct method is to prove the stability of the
eigenvalues under the DBM by analysing the dynamics of the individual matrix en-

tries [24]. In all of these approaches, the independence of the matrix entries is used

in an essential way. In contrast, the entries of random regular graphs are subject to
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hard constraints, and are therefore not independent. Tracking carefully the depen-
dence of the matrix entries (using the methods from [19]), we find that the eigenvalue
evolution is stable under a constrained DBM, for times t < N, Here, by stability,
we mean that the changes in the local eigenvalue statistics are negligible.

This stability can also be interpreted as follows: there is a class of reasonably
well-behaved observables, which completely characterize the local bulk eigenvalue
statistics, and whose time evolution under the constrained DBM can be well approx-
imated by a switching dynamics of random regular graphs. We note that it has been
proposed that, for random regular graphs, the dynamics provided by DBM should
be replaced with a switching dynamics; see in particular [58]. However, obtaining
rigorous results on the local eigenvalue statistics using only a switching dynamics is
difficult, because the induced eigenvalue process is neither continuous nor autonomous
[57]. Our strategy crucially relies on the fact that the eigenvalue process under DBM
is continuous and satisfies an autonomous system of SDEs.

Theorem 1.3 and Theorem 1.4 hold also for sparse random matrices with inde-
pendent entries; see [52]. We will use parts of that analysis which are applicable
here. The main effort and novelty of this paper is in the control of eigenvalues under

constrained DBM up to time ¢t = N~ using switchings.

1.3. Related results. Macroscopic eigenvalue statistics for random regular graphs
of fixed degree have been studied using the techniques of Poisson approximation of
short cycles [32, 56] and (non-rigorously) using the replica method [74]. These results
show that the macroscopic eigenvalue statistics for random regular graphs of fixed
degree are different from those of a Gaussian matrix. However, this is not predicted to
be the case for the local eigenvalue statistics. Spectral properties of regular directed
graphs have also been studied recently [28, 30].

The second largest eigenvalue A\ of regular graphs is of particular interest. For the

case of fixed degree, see in particular [46, 78, 21, 47, 29]. The conjecture that the
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distribution of the second largest eigenvalue on scale N~=2/3 is the same as that of
the largest eigenvalue of the Gaussian Orthogonal Ensemble [80] would imply that
slightly more than half of all regular graphs are Ramanujan graphs, namely d-regular
graphs with Ay < 2v/d — 1 (for explicit and probabilistic constructions of sequences
of Ramanujan graphs, see [66, 69, 68]). The spectrum of random regular graphs has
also received interest from the study of (-functions, as it can be related by an exact
relationship to the poles of the Thara (-function of regular graphs [53, 18]; see also
88, 89].

Another interesting direction related to the spectral properties of random regular
graphs concerns the phase diagram of the Anderson model. The model was originally
defined on the square lattice Z?, but only limited progress was made for the delocal-
ization problem in this setting. A simplified model on the infinite regular tree (Bethe
lattice) is well-understood [60, 2, 4, 3, 10, 9, 8, 7, 6, 5]; see also [11] for a review. At
large disorder, it is known that the Anderson model on the random regular graph
exhibits Poisson statistics [49]. The eigenstates of the Anderson model on the ran-
dom regular graph have also been studied in connection with many-body localization
31, 67].

In random matrix theory, the local spectral statistics of the generalized Wigner
matrices are well understood; see in particular [55, 42, 41, 40, 45, 86, 44, 22, 38,
36]. Many results on local eigenvalue statistics also exist for Erdds-Rényi random
graphs, in particular [39, 38, 52, 51]; the latter results apply down to logarithmically
small average degrees. Similar results have also been proved for more general degree
distributions [1, 12]. However, these types of results are false for the Erdés—Rényi
graph with bounded average degree. For a review of other results for discrete random
matrices, see also [91]. For the eigenvectors of random regular graphs with d €
[N°() | N2/3=0()] " the asymptotic normality was proved in [23]; see also the prior

results for generalized Wigner matrices [61, 87, 24]. For random regular graphs of
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fixed degree, a Gaussian wave correlation structure for the eigenvectors was predicted

in [35] and partially confirmed in [17].

2. GEOMETRY OF RANDOM d-REGULAR GRAPHS

2.1. Graphs. In this section we collect some definitions and terminologies about
graphs, and basic structure properties of random d-regular graphs.

Graphs, adjacency matrices, Green’s functions. Throughout this paper, graphs G are
always simple (i.e., have no self-loops or multiple edges) and have vertex degrees
at most d (non-regular graphs are also used). The geodesic distance (length of the
shortest path between two vertices) in the graph G is denoted by distg(+,). For any
graph G, the adjacency matriz is the (possibly infinite) symmetric matrix A indexed
by the vertices of the graph, with A;; = A;; = 1 if there is an edge between i and 7, and
A;; = 0 otherwise. Throughout the paper, we denote the normalized adjacency matriz
by H = A/y/d — 1, where the normalization by 1/4/d — 1 is chosen independently of
the actual degrees of the graph. Moreover, we denote the (unnormalized) adjacency
matrix of a directed edge (7,7) by e;;, i.e. (€;;)m = dixdji. The Green’s function of a
graph G is the unique matrix G = G(z) defined by G(H — z) = I for z € C, where
C, is the upper half plane.

In Appendix B, several well-known properties of Green’s function are summarized;
they will be used throughout the paper. The Green’s function G(z) encodes all
spectral information of H (and thus of A). In particular, the spectral resolution
is given by n = Imlz]: the macroscopic behavior corresponds to n of order 1, the
mesoscopic behavior to 1/N <« n < 1, and the microscopic behavior of individual
eigenvalues corresponds to n below 1/N.

Subsets and Subgraphs. Let G be a graph, and denote the set of its edges by the
same symbol G and its vertices by G. More generally, throughout the paper, we

use blackboard bold letters for set or subsets of vertices, and calligraphic letters for
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graphs or subgraphs. For any subset X C G, we define the graph G by removing
the vertices X and edges adjacent to X from G, i.e., the adjacency matrix of G&) is
the restriction of that of G to G \ X. We write G® for the Green’s function of G&).
For any subgraph X C G, we denote by 0X = {v € G : distg(v, X) = 1} the vertezx
boundary of X in G, and by OpX = {e € G : e is adjacent to X but e € X'} the edge
boundary of X in G. Moreover, for any subset X C G, we denote by 0X and 90X the
vertex and edge boundaries of the subgraph induced by G on X.

Neighborhoods. Given a subset X of the vertex set of a graph G and an integer r > 0,
we denote the r-neighborhood of X in G by B,.(X, G), i.e., it is the subgraph induced
by G on the set B,.(X,G) = {j € G : distg(X,7) < r}. In particular B,(i,G) is the
radius-r neighborhood of the vertex 1.

Moreover, given vertices 4, j in G and r > 0, we denote by &.(7, j,G) the smallest

subgraph of G that contains all paths of length at most r» between ¢ and 7. Namely,
(2.1) &.(4,4,G) :={e € G : 3 apath from i to j of length at most r containing e}.

Notice that &,.(i,7,G) C B,(i,G) U B,(4,9).

Trees. The infinite d-regular tree is the unique (up to isometry) infinite connected
d-regular graph without cycles, and is denoted by ). The rooted d-regular tree with
root degree ¢ is the unique (up to isometry) infinite connected graph that is d-regular
at every vertex except for a distinguished root vertex o, which has degree c.
Kesten-McKay and semicircle law. Throughout this paper, the Stieltjes transforms
of the Kesten—-McKay law and that of the closely related semicircle law play an
important role. Let py(z) be the density of the (normalized) Kesten—-McKay law
(1.1) and ps.(z) := %\/m that of Wigner’s semicircle law. We denote their
Stieltjes transforms by

(2.2) mg(z) = / pa() dr, ms.(2) ::/psc(ﬂﬁ) dr, ze€Cy.

r—z r—z




14

Then my(2) is explicitly related to mg.(z) by the equation (see also Proposition 2.6)

1 _ Mse(2)
—z—d(d—1)""me(z) 1—(d—1)"tm2(2)

(2.3) ma(z) =

Moreover, it is well known that mg.(z) is a holomorphic bijection from the upper half
plane C; to the upper half unit disk D := {z € C, : |z] < 1}, and that it satisfies

the algebraic equation

(2.4) z=- (msc(z) +

and in particular that |m.(z)| < 1.

2.2. Structure of random and deterministic regular graphs. In this section,
we collect some properties of random and deterministic regular graphs, which we use
in the remainder of the paper.

Excess of random regular graphs. For any graph G, we define its excess to be the
smallest number of edges that must be removed to yield a graph with no cycles (a

forest). It is given by
(2.5) excess(G) 1= #edges(G) — #vertices(G) + #connected components(G).

There are different conventions for the normalization of the excess. Our normalization
is such that the excess of a tree or forest is 0. Note that if H C G is a subgraph,
then excess(H) < excess(G). We will use the following well-known estimates for the

excess in random regular graphs.

Proposition 2.1. Let 6 > 0 and w > 1 be an integer. There is k > 0 such that, if
R = |klog, 4 N|, then the following holds for a uniformly chosen random d-regular
graph G on [N], with probability at least 1 — o(N=“%%) for N > Ny(d,w,d) large

enough.
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e All R-neighborhoods have excess at most w:

(2.6) for all i € [N], the subgraph Br(i,G) has excess at most w.
e Most R-neighborhoods are trees:

(2.7) [{i € [N] : the subgraph Bg(i,G) contains a cycle}| < N°.

In fact, one can take k < 0/(2w + 2).

Proof. The statements are well known; for completeness, we sketch proofs in Appen-

dix A.1. O

Excess and the number of non-backtracking walks. The next proposition bounds the
number of non-backtracking walks (NBW) between two vertices in a graph in terms
of the excess of the graph. Here a non-backtracking walk of length n is a sequence
of vertices (i, . ..,i,) such that the edge {ix_1, i} is adjacent to {ix,ixy1} and such

that the walks makes no steps backwards, i.e., ix_1 # p11.

Proposition 2.2. Let G be a graph with excess at most w. Then the following hold.

e For any vertices i,7 € G, and any k > 1, we have
(2.8) [{NBW from i to j of length distg(i, ) + k — 1}| < 2*".

e For any subgraph H C G and two vertices i,j in H such that E(i,7,G) C H,

we have

(2.9)
[{{NBW from i to j of length ¢ + k which are not completely in H}| < 2¢¢+TD+1

The graph G does not need to be reqular or finite, and self-loops and multi-edges are

allowed.
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FIGURE 2. The left figure illustrates a finite graph Gy; its extensible
vertices are shown as grey circles. The right figure shows the tree
extension TE(Gy), in which a rooted tree (darkly shaded) is attached
to every extensible vertex.

Proof. The statements are presumably also well known; lacking a reference, we include

their proofs in Appendix A.2. O

2.3. Tree extension. The local approximation of the Green’s function of a graph

will be defined in terms of the tree extension, defined next.

Definition 2.3 (deficit function). Given a graph G with vertex set G and degrees
bounded by d, a deficit function for G is a function g : G — [0, d] satisfying degg(v) <

d—g(v) for all verticesv € G. We call a vertex v € G extensible if degg(v) < d—g(v).

Definition 2.4 (tree extension). Let Gy be a finite graph with deficit function g.

(i) The tree extension (abbreviated TE) of Gy is the (possibly infinite) graph
TE(Gy) defined by attaching to any extensible vertez v in Gy a rooted d-regular
tree with root degree d — g(v) — degg, (v).

(i) The Green’s function of Gy with tree extension, denoted P(Gy), is the Green’s

function of the (possibly infinite) graph TE(Gp).



17
See Figure 2 for an illustration of the tree extension. In our main result, we
approximate the Green’s function of a regular graph at vertices 7, j by that of the tree
extension of a neighbourhood of 7, 7. This requires specification of a deficit function,
which we will usually do using the following conventions for deficit functions, assumed
throughout the paper.
Conventions for deficit functions. Throughout this paper, all graphs G are equipped
with a deficit function g. The interpretation of the deficit function g(v) is that it
measures the difference to the desired degree of the vertex v. We use the following

conventions for deficit functions.

e If the deficit function of G is not specified explicitly, it is given by g(v) =
d — degg(v). Thus no vertex is extensible and the tree extension of G is
trivial: G = TE(G).

o If X is a subset of the vertices of G, and g is the deficit function of G, then
the deficit function ¢’ of G&) is given by ¢'(v) = g + degg(v) — degge (v),
unless specified explicitly. Thus when removing the edges incident to X from
g, these are also absent in the tree extension.

e If # C G is a subgraph (which was not obtained as G*)), then the deficit
function of H is given by the restriction of the deficit function of G on H,
unless specified explicitly. Thus any vertex v in H C G has the same degree

in the tree extension TE(H) as in TE(G).

The above conventions are illustrated in Figure 3. In particular, in the case that G is
a d-regular graph, the deficit function is always g = 0, so that TE(G) = G. Moreover,
by our conventions, the tree extension of a subgraph H C G is again a d-regular

graph.

Definition 2.5. Given an integer r > 0, we call P;;(E,(4, j,G)) the localized Green’s

function of G at vertices 1, J.
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ENAS
=

W g = TE(Q(X))

=

FIGURE 3. Given a graph G (with the standard deficit function g =
d — degg), the left figure illustrates a subgraph H C G, which by our
conventions inherits its deficit function from G by restriction. Thus all
vertices in ‘H have the same degrees in the tree extension TE(H) as
in G = TE(G). The right figure illustrates the graph G&) obtained by
removing a vertex set X. By our convention on the deficit function, the
tree extension of G is then trivial.

For the infinite regular tree and for the rooted infinite regular tree with given root
degree, it is elementary to compute the Green’s function explicitly, as done in the

following proposition.

Proposition 2.6. Let Y be the infinite d-reqular tree. For all z € C,, its Green’s

function is

(210) (o) = ma(e) (- md<_>1)” |

Let Yy be the rooted infinite d-regular tree with root degree d — 1. Its Green’s function

18

(2.11) Goy(2) = ma(2) <1 — (_ 771;;(_2)1 )2f<x,y)+2> (_ m;C(_Z)l )diStyo(ﬂU,y) |
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where (x,y) is the depth of the common ancestor of the vertices x and y in Yy. In

particular, if x is the root of Vo, then Gup(2) = mye(z).

The proof is given below. More general results for Green’s functions on regular

trees are discussed e.g. in [9, Section 3] and references given there.

Proposition 2.7. Let w > 6 and vVd —1 > 2972, Let Gy be a finite graph with
vertex set Go and deficit function g. Assume that (i) any connected component of
Go has excess at most w, and that (ii) the sum of deficit function over any connected
component of Gy satisfies > g(v) < 8w. Then the following holds for all z € C, and

all Z,j S Go.

(i) The Green’s function P;;j(Gy) of TE(Gy) satisfies
(2.12) 1B(Go, 2)] < 292 mye(2)|gte0 (09)

and the diagonal terms satisfy the better estimate

|m50<z)|‘

(2.13) | Pii(Go, 2) — ma(2)| 1

N

(11) Let Ho C Gy be a subgraph with vertex set Hy. Then for any two vertices i, j
in Ho such that &(i,j) C Ho, the ij-th entries of the Green’s functions of

the tree extensions of Gy and Hy satisfy
(2.14) |Pij(Go. 2) = Pij(Ho. 2)] < 227 mye(2) g

Item (i) states that P;;(Gy) is bounded and has (up to constants) the same decay as
the Green’s function of the infinite d-regular tree ). In particular, (2.12) and (2.13)

together with (2.3) imply that

(2.15) [P (Go, 2)| < (14 045/2)[mse(2)].
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Item (ii) states that P;;(Go) depends only weakly on Gy. Especially, it implies the

the following principle, which is used repeatedly throughout Sections 3.5-3.10.

Remark 2.8 (Localization principle). Let X be a (small) set of vertices in a graph
G. For vertices i,j € X, it is often convenient to replace P;;(E.(1,7,G)), namely the
ij-th entry of the Green’s function of the graph TE(E.(i,7,G)) which itself depends
on i,j, by P;;(Go) of a graph Gy which is independent of i,j and contains &,(i,7,G)
fori,j € X. In this situation, we abbreviate P = P(Gy). The estimate (2.14) then

implies that P;; and P;;(E.(1,7,G)) are close in the sense
(2.16) |P(&(1,5,9)) = Pyl < 2% |meclg™

provided the assumptions of (2.14) are obeyed.

2.3.1. Proof of Proposition 2.6. The proof of Proposition 2.6 is a straightforward

consequence of the Schur complement formula (B.4).

Proof. Let disty(x,y) = 1. The Schur complement formula implies

N -1 —1
(2.17) G = =

2+ (d =173 conin GV 24 (d—1) > keop\ {a} G

where Jy is the set of adjacent vertices of y in ). By homogeneity, GZSZ) is independent
of z and y if disty(z,y) = 1 and therefore equal to the unique solution to the equation
m = —1/(z + m) with Imm > 0, which is m,. Applying the Schur complement

formula again, it follows that

2.1 = = .
( 8) Gacx 2+ d(d — 1)_1msc mq



21
This proves (2.10) and (2.11) for z = y. The case disty(z,y) = 1 then follows, e.g.,

from

d
Vd—1

Gyy — 2Mmyg,

(2.19) 1= Goy(Hyp — 26,5) =
)

which, using 1 + zmg + d%lmdmsc = 0, implies

d—1 Mg Mege
(2:20) s = Lo (1 g = - T
as claimed. The general case is similar by induction. O

2.3.2. Proof of Proposition 2.7 for g = 0. For the proof of Proposition 2.6, we require
the notion of covering of a graph. Given a graph G, a graph G together with a
surjective map 7 : G —> Gisa covering of G if for each x € G, the restriction
of m to the neighborhood of z is a bijection onto the neighborhood of 7(z) on G.
Every d-regular graph is covered by the infinite d-regular tree ) which is its universal
covering.

The Green’s functions of a graph G and a cover G with covering map 7 : G — G

obey the following identity. For each z € G and m(x) =1 € G, we have

(2.21) Gij(z) = Y Gul2),

v (y)=j
if the right-hand side is summable (see Appendix B for the elementary proof of
(2.21)). In particular, if G is an infinite simple d-regular graph and 7 : Y — G its
universal covering map, where Y are the vertices of ), then by (2.10) and (2.21), for

any vertex = € Y such that 7(z) = i, the resolvent entries of the graph G are given
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by
disty (z,y)
m
Gy=mi ¥ ()
Yy (y)=j d—1
(2.22)

k
= my Z |{non-backtracking paths from i to j of length k}| <— Mse ) .

k>distg (4,)

For the number of non-backtracking paths, recall the estimates of Proposition 2.2.

Using these, the proofs of (2.12) and (2.14) are straightforward from (2.22) if g = 0.

Proof of (2.12) for g = 0. For vertices ¢, j in different connected components of Gy,
we have P;;(Gy) = 0 and there is nothing to prove. Therefore, we can assume that i
and j are in the same connected component.

Since we assume g = 0, the tree extension G; = TE(Gy) is d-regular, and (2.22)

implies

(2.23)

k
P;i(Go, z) = my Z [{NBW in G; from i to j of length k}| <_ :Zsc 1) .
k>dist (i,7) —

Since Gy has excess at most w, the same is true for G;. By the estimates for the

number of non-backtracking paths from Proposition 2.2, the right-hand side of (2.22)
is summable, provided that v/d — 1 > 22, and

|G”| < |md| Z kaqdistgo (3,)+k=1 _ |md|2wqdistg0 (3,9) Z(qu)k_l
k>1 =1

< |md|2wqdistg0(i,j) Z4—k < 2w+1|msc|qdistg0(i7j)‘
k=0

This completes the proof if g = 0. U

Proof of (2.14) for g = 0. As in the proof of (2.12), we can assume that i and j are

in the same connected component of Gy. By (2.22), since all the non-backtracking
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paths from 7 to j of length < ¢ are contained in Hy, we have

Pij(g(hz) - Pz‘j(H(hZ)

t+k
= my Z [{NBW from i to j of length ¢ + k, not completely in H,}| <_ lee 1) .
k>1 —

By (2.9), we therefore have

|Pj(Go, 2) — Pij(Ho, 2)| < |my Z k1) +1 b4k

k=1

o0
_ ‘md|22w+1q£+1 Z (qu)kfl < 22w+2|msc|q€+l,
k=1

again provided that v/d — 1 > 2“*2. This completes the proof if g = 0. 0

2.3.3. Proof of Proposition 2.7 for g # 0. To extend the bounds (2.12) and (2.14)
to g # 0, we use an alternative representation of P;;(Gy) given as follows. In Defini-
tion 2.4, P;;(Go, 2) is defined as the Green’s function of the infinite graph obtained
by attaching a d-regular tree at every extensible vertex of Gy. The next lemma shows
that it is equivalently given by attaching to every extensible vertex a self-loop with
z-dependent complex weight. The proof of the lemma follows by application of the

Schur complement formula.

Lemma 2.9. Let z € C,. Then for vertices 1,7 € Gy,
Pyj(Go,2) = (Hy — )™

where Hy is the normalized z-dependent adjacency matrixz obtained by attaching to

any extensible vertex v in Gy a self-loop with complex weight —mg.(z)(d — g(v) —

degg, (v))/Vd—1.
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Proof. Let G; = TE(Gy), and denote the normalized adjacency matrix of Gy and G,

by Hy and H; respectively. Then H; has the block form

Hy, B’
Hl -
B D
where D is the normalized adjacency matrix of several copies of ), i.e. infinite d-
regular tree with root degree d—1, and B, is 1/v/d — 1 if y is an extensible vertex of

Go and z the root of one of the former copies of the tree )y, and B, = 0 otherwise.

By the Schur complement formula (B.3), it follows that, for any i, j € Gy,
Gij(Gi,2) = (Hy — 2);1 = (Hy—z— B'(D — z)_lB)i_jl,

Since B'(D — z)7'B is a diagonal matrix, indexed by the extensible vertices in Gy
(which are disjoint), and since B is normalized by 1/+/d — 1, it follows from (2.11)
with x = y that

d — g(v) — degg, (v)
d—1 '

(B/(D - Z)_lB)vU = Mgely is extensible

Thus Hy = Hy — B'(D — z)7' B and the claim of the lemma follows. O

As previously, we abbreviate G; = TE(G), and denote by G, the finite z-dependent
graph with complex weight obtained by attaching at each extensible vertex v of Gy
a self-loop with weight —my.(2)(d — g(v) — degg, (v))/v/d — 1. Moreover, to extend
(2.12) and (2.14) from g = 0 to g # 0, we denote by G the same graph as Gy but
with deficit function g = 0, by G = TE(G) its tree extension, and by G} the finite
z-dependent graph with complex weight obtained by attaching at each extensible
vertex v of Gj a self-loop with weight —m.(2)(d — degg, (v))/vd — 1. We denote the

normalized adjacency matrices of Go and G, by Hy and H) respectively.
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Proof of (2.12) for g # 0. By Lemma 2.9 and the case g = 0, we have

. o —1
F/ — zr?eax |G”(927 )| (lmsc|qd15tg0(z,])> < 2w+1‘

Our goal is to estimate
. Lo —1
= G.: distg, (4,9)
gjngéil ij(Ga, 2)| (|m56|q )
Notice that Hy — H} is a diagonal matrix with entries

(2.24) (Hy — HY)ypy = ”Z;%g(f), v € Gy,

and the resolvent formula (B.1) implies

(225) G(géa Z) g27 Z Gw gQa H/)vv (g27z)vj

veGQ
By multiplying both sides of (2.25) by (|m.|q¥%@9))~1 we obtain

-1

‘Glj (g27 Z>| (|msc|qdiStgo (7”.7))

< I + Z F/F|(H2 . Hé)w||msc|qdistgo (4,0)+distg, (v,5)—distgg (4,5)

veG

8w2w+1

<TI —F r <ttty — = gt 41/2
" EZG d—1 T
veGy

where the first inequality uses the triangle inequality distg,(i,v) + distg,(v,j) —
distg,(i,7) = 0 and ¢ < 1, and the second and third inequalities follow from the
assumptions Y. g(v) < 8w, v/d — 1 > 2472 and w > 6. By taking the maximum on

the left-hand side of the above inequality and rearranging it, we get I' < 2¢*2.  [J

Proof of (2.14) for g # 0. The extension to the case g #Z 0 again follows by compar-

ing to the case g = 0. We define H, and #H, analogously to G} and G). Our goal now
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is to bound

I .= maX |G”(g2) zg(H2)| (|m50|q€(i,j)+1)_l :

1,7 €H

The resolvent identity (B.1) and (2.24) imply

(226) Gz](gé) z] g2 Z Gw g2 msc‘_g(l) Uj(g2>7
UEG()

(2.27) Gij(Hy) — Gij(Ha) = Y . Gin(Hy) ms%g(l)%(’ﬂz)-
vEH

For vertices i, 5 € Hy, set
0(1,7) := max{¢ : all paths in Gy from i to j of length < ¢ are contained in Hy},

and given any v € Gy, we abbreviate ¢ = ((i,7), {; = distg,(i,v), l2 = distg, (v, j).

To bound I, we distinguish two cases:

(1) €1 4+ €y > £+ 1. Then already (2.12) implies

Gz’v('Hé)mscg(v)Gvy‘(Hz) <

mscg( ) e
zv(g2> _ vj(g2) ’ d—1

1

(i) ¢1 + ¢3 < £. Then by assumption we must have v € Hy, and £(i,v) > £ — {5
and £(v,j) > £ — (1. Therefore, using the case g = 0 for |Gy,(G) — G (H5)|
and (2.12) for |G,;(G2)| and |Gy, (H5)],

‘ G005 6 (6) — ) 2 1)

S % ('Giv(gé) = Gio(H3)[|Goj(G2)| + |Gio ()| G (G2) — ij(”HQ)D
< B+ 2)(0)

+1
= d—1 '

|mselq
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Taking the difference of (2.26) and (2.27), dividing both sides by |m.|¢‘@)*! and

then taking the maximum over i, j € Hy, this leads to

2w+2(r + 22w+2)

vEGQ

[ 22+2 4

Since by assumptions Y g(v) < 8w, vd — 1 > 27 and w > 6, again rearranging the

above expression, we get I' < 2293, This finishes the proof. O

3. SPECTRAL DENSITY AND EIGENVECTORS

Recall that Gy 4 denotes the set of simple d-regular graphs on the vertex set [N].
Throughout the paper, we control error estimates in terms of (large powers of) the

parameter

3. o) = 2l 1

where z € C,. We will often omit the parameter z from the notation if it is clear
from the context.

The main result we will prove in this section is the following theorem, Theo-
rem 3.1. It states that, in D, the Green’s function G;;(G) is well approximated
by P;;(&,.(4,7,G)), which is random, but only depends on the local graph structure
of G near the vertices ¢ and j. Together with this information on the local graph

structure, the result of Theorem 3.1 implies the results stated in Section 1.1.

Theorem 3.1. Fiz o > 4, w > 8 and Vd—1 > (w + 1)22"5 and set (, =
|lalog,_logN| and r, = 20, + 1. Then, for G chosen uniformly from Gy, the

Green’s function satisfies

(3.2) Gi3(G, 2) = P(E:.(i,7,6), 2)| < [muse(2)]a(2)™,
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with probability 1 —o(N~“8) uniformly ini,j € [N], and uniformly in = € D, where
D is as in (1.4). Here we assume that N > Ny(a,w,d) is large enough and that Nd

1S even.

We emphasize that, for fixed d, the right-hand side of (3.2) converges to 0, as
N — o0, uniformly in the spectral domain D. The constants in the statement of the
theorem can be improved at the expense of a longer proof and a more complicated

statement. We do not pursue this.

Remark 3.2. The equation (3.2) implies that the individual entries of the Green’s

function do not concentrate. For example,
Gii(z) = Pu(&,.(1,1,G), 2) + O(log N) ™

and the first term on the right-hand side can be easily seen to depend strongly on the

local graph structure. Its fluctuation is of order 1.

Proof of Theorem 1.1. Thanks local structure of a random regular graph, under the
assumptions of the theorem, there are kK > 0 and 6 > 0 such that, with R =
|klog, 4 N|, one can assume that the radius-R neighborhoods of all but N° many
vertices of G coincide with those of the infinite d-regular tree, and that the R-
neighborhoods of all other vertices have excess at most w (see e.g. Proposition 2.1).
Moreover, for the vertices ¢ that have radius-R tree neighborhoods, we have (see e.g.

Proposition 2.6)
(3.3) Pi(&..(1,1,G)) = my.

The vertices whose R-neighbourhood has bounded excess still satisfy (see e.g. Propo-

sition 2.7)

(3.4) |Pi(&:.(4,4,G))] < 3|ma| /2 < 3/2.
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Therefore (3.2) and (3.3) imply that G;;(2) = ma(z) + O(|mse(2)|q(2)™) for all z € D
and at least N — N9 vertices i € [N]. For the remaining vertices, by (3.4), we still
have |Gy;(2)| < 2. Thus

as claimed. O

3.1. Proof outline and main ideas. In this section, we give a high-level outline
of the proof of Theorem 3.1, whose details occupy the remainder of the paper. The
proof is based on the general principle that, for small distances, a random regular
graph behaves almost deterministically, while on the other hand, for large distances,

it behaves much like a random matrix.

3.1.1. Parameters. Throughout the paper, we fix constants a > 4, w > 8, 0 < § <
Hw, 0 <k <3/2w+2), Vd—1 > (w+ 1)2%% and set ¢, = [alog, ;log N
and r, = 20, + 1. We also set R = |rklog,_; N |, and write r = 20 4 1, where / is a

parameter chosen such that
(3.5) Ce [l 20,].

We always assume that Nd is even and sufficiently large (depending on the previous

parameters).

3.1.2. Structure of the proof. The proof consists of several sections, which we briefly

describe in this section. Here, we also define several subsets of Gy 4, namely the sets
QO (2,0) C Q2,0 CQf(2,0) CQC Gna, Q(2,0) CQCGya

These sets depend on parameters z € C, and ¢ € N (and also on the previously fixed

parameters).
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Small distance structure; the set Q. The small distance behavior is captured in terms
of cycles in neighborhoods of radius R. For any graph, we define the excess to be the
smallest number of edges that must be removed to yield a graph with no cycles (a
forest). Then, with R,w,d as fixed above, we define the set Q C Gy g4 to consist of

graphs such that

e the radius- R neighborhood of any vertex has excess at most w;
e the number of vertices that have an R-neighborhood that contains a cycle is

at most N?.

The set ) provides rough a priori stability at small distances. All regular graphs
appearing throughout the paper will be members of 2. It is well-known that P(Q) >
1 — o(N~*9); see Proposition 2.1.

Green’s function approximation; the sets Q(z,¢) and Q~(z,¢). For z € C,, we define
the set Q(z,£) C Q be the set of graphs G such that for any two vertices 4, j in [N],

it holds that
(36) |GZ](Z> - Pij(gr(i7jv g)a Z)| < |mSC|qT'

Our main goal is to prove that 2(z, ¢) has high probability uniformly in the spectral
domain z € D. That (z,¢) has high probability is not difficult to show if |z| is
large enough; see Section 3.2. To extend this estimate to smaller z, we define the set
Q7 (2,0) C Q(z,¢) by the same conditions as Q(z, £), except that the right-hand side

in (3.6) is smaller by a factor 1/2:
. 1 .
(3.7) Gu(2) — Py(E(1.3.9).2)] < Ll

Our main goal is to show that, for any z € D N A, (where the spectral domain is
defined in (1.4) and A, is defined in (3.239)), if Q(z,¢) has high probability, then
the event Q(z,¢) \ 27 (z,¢) has very small probability, so that 27(z, ¢) still has high

probability. Then, by the Lipschitz-continuity of the Green’s function, it follows that
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Q7 (z,0) C Q2',0) for small |z — 2/|, and thus that (2',¢) also has high probability.
This can then be repeated to show that €(z,¢) holds for all z € DN A, with high
probability. Since these sets A, all together cover D, it follows that 2(z, £,) holds for
all z € D with high probability.
Local resampling. To show that Q(z,¢) \ Q7 (z,¢) has small probability, we use the
random matrix-like structure of random regular graphs at large distances. To this
end, we fix a vertex, without loss of generality chosen to be 1, and abbreviate the

(-neighborhood of 1 (as a set of vertices in [N] and as a graph, respectively) by
(3.8) T =B,(1,G), T =B(1G)

In Section 3.3, we resample the boundary of the neighborhood 7T by switching
the boundary edges with uniformly chosen edges from the remainder of the graph.
The switched graph is often denoted by G. On the vertex set T, it coincides with
the unswitched graph G, but the boundary of 7 in the switched graph G is now
essentially random compared to the original graph G.

Given G, the switching is specified by the resampling data S, which consists of x in-
dependently chosen oriented edges from G™. The local resampling is implemented by
switching a boundary edge of 7 with one of the independently chosen edges encoded
by S. In fact, in this operation, not all pairs of edges can be switched (are switchable)
while keeping the graph simple. Therefore, given S, we denote by Wg C [1, ] the
index set for switchable edges (see Section 3.3 for the definition), whose switching
leaves the uniform measure on Gy 4 invariant. For notational convenience, without
loss of generality, we assume that W = {1,2,3,..., v} where v < p throughout the
paper (except in the definition in Section 3.3).

Switching from G to G. Throughout Sections 3.3.7-3.10, we condition on a graph G
that satisfies certain estimates, and only use the randomness of the switching that

specifies how to modify G to G. By our choice of ¢ and using 7 has bounded excess
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(which we can and do assume), the number of edges in the boundary of 7 is about
(log N )O(l). The randomness of these edges ultimately provides access to concentra-
tion estimates, which exhibit the random matrix-like structure of the random regular
graph at large distances.

Note that, if we remove the vertex set T from G, our switchings have a simpler
effect than in G: they only consist of removing the edges {b;, ¢;} and adding instead
{a;,b;}, for i € Wg. Therefore, instead of studying the change from G to G at once,
it will be convenient to analyze the effect of the switching in several steps. For this,

we define the following graphs (which need not be regular).

e G is the original unswitched graph;

e G(M is the unswitched graph with vertices T removed;

e G is the intermediate graph obtained from G™ by removing the edges
{b;, c;} with i € W;

e GM is the switched graph obtained from G(¥ by adding the edges {a;,b;}
with ¢ € Wg; and

e G is the switched graph Ts(G) (including vertices T).

Following the conventions of Section 2.3, the deficit functions of these graphs are
given by d — deg, where deg the degree function of the graph considered, and we
abbreviate their Green’s functions by G, G, GM, GD, and G respectively.
Distance estimates. To use the local resampling, we require some estimates on the
local distance structure of graphs and some a priori estimates on their Green’s func-
tions. These are collected in Sections 3.3.7-3.4. In fact, we use both the usual graph
distance (of the unswitched and switched graphs) and a notion of “distance” that is
defined in terms of the size of the Green’s function of the graph from which the set
T is removed (again for the unswitched and switched graph).

The need for the Green’s function distance arises as follows. While estimates that

involve sums over the diagonal of the Green’s function can be controlled quite well
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using only the graph distance, estimates of sums of off-diagonal terms are more deli-
cate because the number terms is squared compared to the diagonal terms. By direct
combinatorial arguments, it would be difficult to control large distances sufficiently
precisely. However, to understand spectral properties, it is the size of the Green’s
function rather than distances themselves that is relevant; and while the size of the
Green’s function between two vertices is directly related to the distance between them
if there are only few cycles, on a global scale (where many cycles could be present)
cancellations can make the Green’s function much smaller. These cancellations are
captured in terms of a Ward identity, which states that the Green’s function of any

symmetric matrix obeys (see also Appendix B)

N
1 2 Im GM(Z)
(3.9) N ; |Gi(2)]" = Tme

Removing the neighborhood T and stability under resampling; the sets Qi (z, £). Our
goal is to show that estimates on the Green’s function of G improve near the vertex
1 under the above mentioned local resampling. For this, we work with the Green’s
function of the graph G(™ obtained from G by removing the vertex set T (on which
the graph does not change under switching).

As a preliminary step to showing that the estimates for the Green’s function im-
prove, we show that they are stable under the operation of removing T and resam-
pling, i.e., roughly that the estimates analogous to those assumed continue to hold.
More precisely, in Section 3.5, we show that if G € (2, /), then the (non-regular)

graph G obeys the analogous estimate
(310) ‘GZJ(Q(T)7 Z) - P’L](g’f(la ju g(T)), Z)| < 2’m86|qT'

We define the set Qf (z,¢) C Q similarly as the set (z,¢), except that G is replaced

by the graph G (and with different constant), i.e., Q] (z,¢) is the set of G € Q such
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that
(3.11) G (GT, 2) — Py(&:(1,5,6M), 2)| < 2"%muclq.

Clearly, by (3.10), we have Q(z,£) C Qf (z,£). In Section 3.6, we show that if G(™
obeys the (stronger) estimate (3.10), then with high probability the resampled graph
obeys G € QF(z,0).

Locally improved Green’s function approximation; the sets Q] (z, ¢). The set (2, () C
Q) is defined by the improved estimates (3.212)-(3.215) near the vertex 1, with con-
stant K = 20 1In Sections 3.7-3.10, it is proved that if we start with a graph
G € Qf(z,£), with high probability with respect to the local resampling around
vertex 1, the switched graph G belongs to Q) (z,0).

Involution. To sum up, the argument outlined above shows that, for any graph G in
Q(z, ), with high probability with respect to the randomness of the local resampling,
the switched graph G is in the set (2, ¢). However, our goal was to show that a
uniform d-regular graph G is in (z,¢), except for an event of small probability.
This follows from the statement we proved for G using that our switching acts as an
involution on the larger product probability space (see Proposition 3.9).
Self-consistent equation. The sets ] (z, £) and (2, ¢) depend on the choice of vertex
1. However, for any i € [N], we can define 2(z,¢) in the same way, by replacing the
vertex 1 in the above definitions by vertex i (or using symmetry). By a union bound,
then also the union of the events €2(z, ¢) over i € [N] holds with high probability. On

the latter event, we derive (in Section 3.11) a self-consistent equation for the quantity
1 (i
Q) = Nd Z ij (9),
(i,j)eE
where the sum ranges over the set of oriented edges in G, and G (G) is the Green’s

function of the graph G with vertex ¢ removed. On the infinite d-regular tree, it is
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straightforward computation to show that Gg;)(z) = ms.(2) holds for any directed
edge (7,7) (see Proposition 2.6). For the random regular graph, we will show that
Q(G) obeys (see (3.230))

Q(G) — mye = ———mamy, " (Q(G) — my) + error.

The main result of Section 3.11, proved using this self-consistent equation, is that,

for any z € DN Ay,
M U0 (=0,

1<iKN

where Ay C C, is a domain on which the self-consistent equation is not singular (see
Section 3.11 for details). In the final step, we will use different choices of ¢ to cover
the entire spectral domain D.

Conclusion. In summary, in Sections 3.5-3.11, we show that the probability of (z, £)\
Q7 (z,0) is negligible. By the Lipschitz property of the Green’s function, 27 (z,¢) C
Q(2',¢) given that |z — 2’| is small enough. It follows that if 27 (z, ¢) holds with high
probability, then Q~(z,¢) N Q7 (', ¢) holds with high probability. This can then be
repeated to show that Q(z, /) holds for all z € D N A, with high probability. The
proof of Theorem 3.1 is then completed by showing that D C Uy, 2¢,)A¢ and thus
Q(z, £,) holds for all z € D with high probability.

3.2. Initial estimates. As the first step of the proof of Theorem 3.1, we now show
that (3.2) holds whenever |z| > 2d — 1. Indeed, the following proposition states that
(3.2) holds deterministically for |z| > 2d —1 under the assumption that the graph has
locally bounded excess, which is guaranteed to hold with high probability by (2.6).

(Related results appear in [33].)

Proposition 3.3. Let w > 6, V/d—1 > 272 and N > Ny(w,d) large enough.
Let G be a d-regular graph on N wertices, with excess at most w in any radius-R

neighborhood. Then for any z € C, with |z| > 2d — 1, and any i,j € G, the Green’s
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function of G satisfies

o 1 ,
(3.12) |Gij(2) = Piy(&:(i,5,9), )| < 5lmsclg”
3.2.1. Proof of Proposition 3.3. To prove Proposition 3.3, we need an upper bound
on the entries of the Green’s function. It can be obtained, for example, by the

Combes-Thomas method [27].

Lemma 3.4. For any finite simple graph G with degree bounded by d, and any z with

1
(d — 1)diste(id)/2"

(3.13) |Gz](2)| < =, |Gzy(2>| <

ISHE

Proof. We denote the normalized adjacency matrix of G by H (where we recall that

the normalization of the entries is always by 1/v/d —1). The first bound in (3.13)

is immediate since the spectrum of H is contained in [—d/v/d — 1,d/+/d — 1], which

implies that

1 1
3.14 Gij < < -,

To show the second bound, set 7 = $log(d — 1). Fix a vertex ¢, and define the

diagonal matrix M by
M;; = exp{rdistg (i, j)}.
Then we have
Gijem e — (5, MGM™'6;) = (0;, (MHM ™ — 2)715;).
The entries of the matrix M HM ™! are given by

(MHM_l)xy _ 6T(distg(z‘,m)_distg(i,y))Hw_
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If H,, # 0, then |distg (i, ) — distg(i,y)| < 1, and

maXZ|MHM Yyl < de™ /N d —

Y

maXZ|MHM Yyl < de™/Vd —

Therefore ||MHM™Y|s—s00 and | M HM™!||;_,; are bounded by d, and by interpola-

tion

IMHEM ™ 202 < VIMHM 11 [MHM = loosoe < d.

Therefore, the spectrum of MHM ™! is contained in the set {z € C: |z| < d}. In
particular, for z such that |z| > 2d — 1, its distance to the spectrum of MHM ! is

at least 1, and thus
|Giye 00D = (65, (MHM ™" — 2)716;)| < 1

which implies (3.13). This completes the proof. O

Proof of Proposition 3.3. Let 1o := [r +1 —2(r + 2)log,_; |msc|] = O(r). Then, for

vertices 4, j such that distg(i,j) > ro, Lemma 3.4 implies

1

|Gz’j(2)| < m < |msc|q7"+1

and in particular (3.12) follows since ¢ < 1/v/d —1 < 1/2 and P;;(&,.(4,7,9)) =
Thus we can assume distg (i, j) < ro. Let Gy := B,,4.(7,G), let G; = TE(Gy) be the
tree extension of Gy, and let P be the Green’s function of G;. Then, by (2.14), we

have

(3~15) |Pl] - P)ij(‘sr(i)jy g))| < 22w+3|m80|qr+1'
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Therefore it suffices to prove the claim with P;;(&,(4, j,G)) replaced by P;;, and an
additional factor 1/2 on the right-hand side. Let Ty := B, (¢,G) and 0Ty = {v € G :
distg(v, Tg) = 1}. By the Schur complement formula (B.4),

Glg, = (H — 2z — BGTB)™,

Ply, = (H — z — B'PT)B)~1,

where H is the normalized adjacency matrix on T induced by G and B is the part of
the adjacency matrix of the edges from 0T, to Ty. Taking the difference of the last
two equations, for any 7,5 € T,
(G =Pl < D 1(PB)ial (IGHI]+ [PGV)) [(BG)yl-
z,y€dTo
Since the radius-R neighborhood of ¢ has excess at most w, each row of B contains
at most w + 1 nonzero entries. Therefore, by (2.12), Lemma 3.4, and noticing that

distg(i,z) > ro + 1 and distg(y, j) > ro + 1 — distg(7, j), we have

w2 ro+1 w+1
|<PB Jiel <275 (w + 1)g"™, ‘(BG)yj| < (d— 1)(ro+1—distg(i,j))/2’

where we recall the definition ¢ = |mg.|/v/d — 1. Moreover, it follows from (3.29)
that

{z € 0Ty : distgery) (z, 0Ty \ {z}) < R/2}| < 2w

using that R > 2ry. Therefore, by the second bound of (3.13), |G5Y| < (d — 1)~F/4
for all 2,y € 9T, except for the diagonal entries and at most 4w? off-diagonal entries.

By the first bound of (3.13), for these remaining entries we have |G T0)| < 1/d. The



39

same bounds hold for P(To) instead of G(T). As a result, we obtain

2w+2(w + 1)2q7"0+1 T T
(6 = Pl < G pyaigngr 2, (GG71+1P™)n)

w,yea’]ro

- 293 (w + 1)%mge| T (10T + 4w? 10T, |?
= (d — 1)rot+i-distg(i.j)/2 d (d—1)R/M4 )"

Using that |0Ty| < d(d—1)", that |mg.| < 1/d for |z| > 2d—1, that d—1 > 2(w+1),

as well as that R > 4rg, the right-hand side is bounded by

2w+3 12 Scro-i-l dd_lro 4 2 d2 d_12r0
(G — Py < (W 4 1)%[mc| (( )"0 + 4w (d—1) )

(d _ 1)T0+17distg(’i,j)/2 d + (d _ 1)R/4
2w+4(w + 1)2 2w+2

w—+2 r41
S = Do dwg@z S (G- 1y S 297 mel g™

where we used that distg(i, j) < ro. Together with (3.15), we conclude that
1
(3.16) (Gij(2) = Py(€:(1,5,G), 2) < (2277 4 22 [mielg™ < Slmeld”,

where the last inequality follows from ¢ = |m..|/vd —1 < 273@*2) using that

Vd—13> 292, O

3.3. Local resampling by switching. In this section, we define a local resampling
of a random regular graph by using switchings. We effectively resample the edges on
the boundary of balls of radius ¢, by switching them with random edges from the re-
mainder of the graph. This resampling generalizes the local resampling introduced in
[19], where switchings were used to resample the neighbors of a vertex (corresponding
to £ = 0). The local resampling provides an effective access to the randomness of the

random regular graph, which is fundamental for the remainder of the paper.

3.3.1. Definitions. To introduce the local resampling, we require some definitions.
Graphs and edges. We consider simple d-regular graphs on vertex set [IV] and identify
such graphs with their sets of edges throughout this section. (Deficit functions do not

play a role in this section.) For any graph G, we denote the set of unoriented edges
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by E, and the set of oriented edges by E := {(u,v), (v,u) : {u,v} € E}. For a subset
ScE , we denote by S the set of corresponding non-oriented edges. For a subset
S C E of edges we denote by [S] C [N] the set of vertices incident to any edge in S.
Moreover, for a subset V C [N] of vertices, we define Ely to be the subgraph of G

induced on V.

FIGURE 4. The switching encoded by the two directed edges S =
{(v1,v2), (vs,v4)} replaces the unoriented edges {vy,v2},{vs,vs} by
{v1, va}, {va, vs}.

Switchings. A (simple) switching is encoded by a pair of oriented edges S = {(v1, vs), (v3, v4)} C
E. We assume that the two edges are disjoint, i.e. that [{v1, v, v3,v4}| = 4. Then the
switching consists of replacing the edges {vy, vo }, {vs, v4} by the edges {v1, v4}, {vo, v3},
as illustrated in Figure 4. We denote the graph after the switching S by T5(G), and

the new edges 5" = {(v1,v4), (v, v3)} by

(3.17) T(S) =45

(Double switchings, which we used in [19], are not needed in this paper; henceforth
we will therefore refer to simple switchings as switchings.)

Resampling data. Our local resampling involves a center vertex, which by symmetry
we now assume to be 1, and a radius /. Given a d-regular graph G, we abbreviate
T =DB,(1,G) and T = B,(1,G). The edge boundary dgT of T consists of the edges
in G with one vertex in T and the other vertex in [N] \ T, as illustrated in Figure 5.
Our local resampling switches the edge boundary of 7 with randomly chosen edges

in G if the switching is admissible (see below), and leaves them in place otherwise.
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a9 a1

FIGURE 5. The figure illustrates the neighborhood 7 = B,(1,G)
(within the shaded area) and its edge boundary 0g7T, consisting of the
edges ¢; = {l;;a;}, 1 < i < p. Our local resampling switches the
switchable edges e; (corresponding to i € Wg) with randomly chosen
edges from the remainder of the graph (not shown). Several exceptional
cases can occur. In particular, the vertices a; are not necessarily distinct
(e.g., a5 = ag in the figure), and the boundary vertices [; may have
different degrees in the graph obtained by removing the set 7 (e.g.,
has only one outgoing edge in the figure, while most of the other /; has
two outgoing edges).

To be precise, given a graph G, we enumerate g7 as OgT = {e1,e2,...,€,}, and
orient the edges e; by defining €; to have the same vertices as e; and to be directed
from a vertex [; € T to a vertex a; € [N] \ T. The directed edges &; = (I;,a;) are
illustrated in Figure 5. Note that p and the edges ey, ..., e, depend on G.

Then we choose (by,¢1), ..., (b, c,) to be independent, uniformly chosen oriented

edges from the graph G i.e., the edges of G that are not incident to T, and define

(3.18) Si={&,(bi,c)}y,  S=(5,5,...,5).
The sets S will be called the resampling data for G. By definition, the edges e; are
distinct, but the vertices a; are not necessarily distinct and neither are the vertices

l;.
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Admissible switchings. For i € [1, u], we define the indicator functions

L=1(G,8) :=1([S]| =4, E

5] = Si)s

Ji = Ji(G,S) = 1(|[S:] N [S;]| < 1 for all j # 1),
and the set of admissible switchings
(3.19) Ws =W(G,8S) :={i€[l,u]:1i(G,8)i(G,8) = 1}.

The interpretation of I; = 1 is that the graph Eljg,) is 1-regular. The interpretation
of J; = 1 is that the edges of S; do not interfere with the edges of any other S;.
Indeed, the condition |[S;] N [S;]| < 1 guarantees that the switchings encoded by S;
and §j do not influence each other, meaning that Ty and ng commute. We say that
the index i € [1, p] is admissible or switchable if i € W.

Let v := |Wsg| be the number of admissible switchings and iy,14s,...,4, be an

arbitrary enumeration of Wgs. Then we define the switched graph by

(3.20) Ts(G) := (Tg, 0--:0 T@y) (9)

1

and the switching data by

, . . T(S,) (i €Ws)
(321)  T(S)=(Ti(S),.... T,(S,), Ti(S)=

S; (i ¢ Ws).

3.3.2. Rewversibility. To make the structure more clear, we introduce an enlarged
probability space. Equivalently to the definition above, the sets S, are uniformly

distributed over

S,(G)={S c E:S={e,é},eis not incident to T},
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i.e., the set of pairs of oriented edges in E containing €; and another oriented edge
in GM. Therefore S = (5,5, .., SL) is uniformly distributed over the set S(G) =
S1(G) x - % S,(9).

Definition 3.5. For any graph G € Gy 4, denote by 1(G) = {G} x S(G) the fibre of
local resamplings of G (with respect to vertex 1), and define the enlarged probability

space

éN,d = L(GN,d) = |_| L(g)

GeGn,q

with the probability measure P(G,S) = P(G)Pg(S) = (1/|Gn.a|)(1/|S(G)|) for any
(G,S) € CN,d. Here P(G) = 1/|Gn4l is the uniform probability measure on Gy 4, and

for G € Gy 4, we denote the uniform probability measure on S(G) by Pg.

Let 7 : Gyg — Gy, (G,S) — G be the canonical projection onto the first compo-

nent.

Proposition 3.6. 7 is measure preserving: P=Por 1.

Proof. Note that 771(G) = ¢(G). Therefore
(322) B '(@)=P@) = 3 B(G.5) =P@) 3 == —P(O)

as claimed. O

On the enlarged probability space, we define the maps

(3.23) T éN,d — GN,d; T(ga S) = (15(9), T(8)),

(324) T: éN,d — GN,da T(g, S) = W(T(g, S)) = Ts(g)

For the statement of the next proposition, recall that Gy 4 denotes the set of sim-

ple d-regular graph on [N]. For any finite graph 7 on a subset of [N], we define
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Gna(T) :={G € Gya: Be(1,G) = T} to be the set of d-regular graphs whose radius-/

neighborhood of the vertex i in G is T .

Proposition 3.7. For any graph T, we have

(3.25) T(U(Gn.a(T))) C t(Gna(T)),
and T is an involution: T o T = id.

Proof. The first claim is obvious by construction. To verify that 7 is an involution,
let (G,S) € Gygq and abbreviate (G,S) = T(G,S). Then, due to (3.25), the edge
boundaries of the f-neighborhoods of 1 have the same number of edges p in G and G.
Moreover, we can choose the (arbitrary) enumeration of the boundary of the ¢-ball

in G such that, for any i € [1, u], we have T;(S;) € S;(G). Define
Ws=W(G,S) = {ie[1,4]::G,S)Ji(G,S) =1}.

We claim that Wg = Ws. First, by definition of switchings, we have [T}(S;)] = [S}]
for any i € [1,u]. Thus Ji(G,S) = Ji(G,S), and it suffices to verify that I;(G,S) =
I;(G,S) also holds for all i € [1,u]. For i ¢ Wg, the switching of S; does not take
place, i.e., G|is; = Glis,) and therefore [;(G,S) = I;(G,S). On the other hand, for
i € Wg, the subgraph G|js, is l-regular, ie., I;(G,S) = 1, and the other S; with
j € Wg intersect S; at most at one vertex. Therefore, g~|[sz.] =156 |is;) and the graph
g~|w is again 1-regular, i.e., [;(G,S) = 1 as needed.

In summary, we have verified the claim Wg = Ws. By definition of our switchings,

it follows that T'(S) = S and T5(G) = G. Therefore T is an involution. O
Proposition 3.8. T and T are measure preserving: Po T =P and Po T~ = P.

In other words, that 7" is measure preserving means that if G is uniform over Gy g4,

and given G, we choose S uniform over S(G), then T5(G) is uniform over Gy 4.
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Proof. We decompose the enlarged probability space according to the /-neighborhood

of 1 as
(3.26) Gra=|JGna(T), where Gya(T) = t(Gw.a(T)).
T

Notice that, given any 7, the size of the set S(G) is (by construction) independent of
the graph G € Gy 4(T). Therefore, given any T, the restricted measure P|Gy 4(7) is
uniform, i.e., proportional to the counting measure on the finite set G ~,a(T). Since, by
Proposition 3.7, the map T is an involution on G ~.a(T), it is in particular a bijection
and as such preserves the uniform measure ]13’|G ~n.a(T). Since T acts diagonally in the
decomposition (3.26), this implies that the map T preserves the measure P. Since

P=Portand T = woT, it immediately follows that also T is measure preserving:

I@oT*:I@’oj’_low*:Pow—l:P,

as claimed. O

The following general proposition, which makes use of the involution property of

T, is central to our approach. The idea of its proof is illustrated in Figure 6.

Proposition 3.9. Given events Q C QY C Q C Gyg and ' C Q, assume
(i) P(Gna \ Q) < qo,
(ii) Pg(Ts(G) € Q\ QY) < ¢y for all G € Q, and
(iii) Pg(Ts(G) € Q\ Q) < qp for all G € QF.

Then P(Q\ (2NY)) < g+ a1 + ¢

Roughly, the proposition shows that if, for most graphs G € Gy 4, an event holds
for the switched graph Ts(G) with high probability under the randomness of the
switching S, then it also holds with high probability on Gpyg4. This enables us to
condition on a (good) graph G for much of the paper, and then only use with the

randomness of S which has a simple probabilistic structure.
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F1GURE 6. The figure illustrates the idea of Proposition 3.9. The hor-
izontal axis represents the set of graphs Gy 4, and the vertical direction
the fibres of possible switchings. In particular, the sets Q, €/, QF, Q are
represented on the horizontal axis. The area in medium and dark grey
represents 0 = 7-1(Q). The sets Q' and Qt and their preimages can
be illustrated analogously, but for simplicity we assume for the figure
that Q = Q. The lightly shaded area bounded by the vertical bars
is 1(Q). In (3.28), we devide Q \ ' into the part contained in ¢(Q")
(the second term) and the part outside of ¢(2%) (the first term). The
part inside ¢(Q7) is small because of assumption (iii). To bound the
part outside ¢(QF), we use that T is an involution. This implies that
the image under T of the area in dark gray is contained in () (thus
its projection to the horizontal axis lies in {2 as shown in the figure),
and not intersecting Q. Its contribution is small by assumption (ii),
which implies that +(€) contains most of Q.

More specifically, in our application of the proposition, the set Q is a large set of
regular graphs obeying rough a priori estimates (there are only few cycles), the set €
is a set of graphs for which the Green’s function obeys good estimates, and the set Y/
is a sets of graphs on which the Green’s function obeys better estimates (near a given
vertex). The proposition states that if with respect to the resampling most graphs
obey the better estimates, then these estimates also hold on the original probability

space with high probability. The proposition will be applied in Section 3.11.
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Proof. We define Q = T=4Q), O = T-1() and QF = T-1(Q*), and abbreviate
A\ B= A\ (AN B) for any sets A, B. Since

(3.27) THQ\ Q) =T\ T(Q) =0\ 2,

and since 7' is measure preserving, and since 7' is a measure preserving involution,

we have
P(Q\ Q) =P(Q\ ) =P(Q\ (' Ue(Q1) +P((«(2) n Q) \ )
\ (U Q1)) +P(((QT) NT7H D))\ &)
(3.28) =P(Q) + P((.(Q7) N T () \ ),
where Q = T(Q\ (' U(Q1)). To bound the probability of €2, we make the following
observations. First, Q& C T(€) C (). Second, any element (G,S) € Q can be
written as G = T(G,S) for some G ¢ QF and S € S(G). Since T is an involution,

this (G,S) must in fact be given by (G,S) = T(G, Q) Together this implies that

(G,S) ¢ O, and thus that Q has no intersection with QF. As a result,

P(Q\ ) SP(2)\ QF) + P((«(QH) N T Q) \ )

=N

=P\ T7H(Q) + P NTHY\ Q) + P((QT) N T2\ D)

<PTHGra) \ T7HQ) + P((e() NTHQ)\ F) + P((«(2F) N TH(Q)) \ )

< Qo+ q1 + qo,

where the second inequality follows since Gy 4 D 2 and the last inequality follows

from the assumptions (i)—(iii). O
3.3.3. Boundary of neighborhood T.

Proposition 3.10. Let G be a d-regular graph on [N], assume that Br(1,G) has

excess at most w, and that ¢ < R. Then the following hold.
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o After removing T, most boundary vertices of T are isolated from the other

boundary vertices:

(329)  |{pe[Lul:3q € [Lu]\{p} distgem (ap, a,) < B/2}] < 20.

o After removing T, any vertex x € [N]\ T can only be close to few boundary

vertices of T:

(3.30) H{p € [1,u] : distgm (x,a,) < R/2} <w + 1,

(3.31) H{v € Ty : distg\r(z,v) < R/2}| <w + 1.

Notice that the graph G \ 7T is slightly larger than G™ because the edges between
the vertices T, and [N] \ T are not removed.
Bound on deficit functions. Finally, we have the following deterministic bound on
the deficit functions for the connected components of the subgraph obtained from

Br(1,G) by removing a set of vertices U.

Proposition 3.11. Let G be a d-reqular graph on [N], and assume that B := Bg(1,G)

has excess at most w. Then the following hold.

o Let A be the annulus obtained by removing T from B. Then the sum of the
deficit function over any connected component of A satisfies »_ g(v) < w+1.
o Given U C By(1,G), let BY) be the subgraph given by removing the vertices U
from B. Then the sum of the deficit function over any connected component

of BY) satisfies " g(v) < w+ |U|.

For the above statements, recall that we view A and BY as subgraphs of B (which
has zero deficit function) and that their deficit functions are given by our conventions

in Section 2.5.

In the remainder of this section, we prove Propositions 3.10 and 3.11.
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F1GURE 7. The two vertices a; which are encircled together are close
in the sense that they are in the same connected component of the
annulus A. Proposition 3.10 shows that, since B has excess at most w,
this happens for at most 2w of the a;. In addition, it shows that any
vertex x outside T can only be close to at most w + 1 of the a;.

3.3.4. Proof of Proposition 3.10. Abbreviate B = Br(1,G). By assumption the ball
B has excess at most w. Let A be the annulus obtained by removing T from B. We
partition [1, u] into sets { Ay, Ag, As, ...}, such that ¢ and j are in the same set Ay if
and only if a; and a; are in the same connected component of A. We label the sets
Ay, such that [Ay] > |As] > ... > |Au| > 1 = |Aa41| = -+ and let 4; be a labeling

such that Ay U---UA, = {i1,la,...,i5}.

Lemma 3.12.
(3.32) a<w, [<2w, |A<w+1l forallj.

Proof. For any finite graph G, we set

(3.33)
X(G) := #connected components(G) — excess(G) = #vertices(G) — #edges(G),

where the second equality follows from the definition (2.5) of excess(G). In particular,

for any e € G, we have x(G \ e¢) = x(G) + 1.
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As a ball, B has by definition exactly one connected component, and by assumption

it has excess at most w. Thus x(B) > 1 —w. We recall that e; is the edge on the
boundary of 7" containing a;. Thus the graph B\ {e;,,...,e;,} has at most o + 1
connected components: the component containing the vertex 1 and the components
containing the vertices a; with ¢ € A; for some j € [1,a]. (Notice for i € A; with
j > «, we did not remove the edge e;. Therefore a; is still connected to 1.) Thus

x(B\{ei, ..., eiz}) < a+ 1. It follows that
1+a>x(B\{e,....,ei,}) =x(B)+>1—-w+p,

and thus § < a + w. Since, by definition, we have 5 = 3" | |A;| > 2, the first two

inequalities in (3.32) follow. The third inequality is trivial for i > «a, and for ¢ < «,

we have
wrazf=) A4 > |Al+2a-1),
j=1
which implies that |A;| S w —a+2 <w + 1 as claimed. O

Proof of (3.29). By definition, any 4, j such that distgm (a;,a;) < R/2 belong to the
same connected component of A. (Indeed, a; is at distance ¢ 4+ 1 from the vertex 1
and R > (¢, and thus Bg/s(a;,G) C B for any ¢ € [1,4].) In particular, if the set A,
containing ¢ has size 1, then for any j € [1, 4] \ {i}, we have distgm (a;, a;) > R/2.
Recalling that § < 2w is the number of i for which the set A; containing it has size

greater than 1, the claim (3.29) follows from (3.32). O

Proof of (3.30). The claim is trivial if x ¢ B, since we then have distg) (z, {a1, as, ..., a,}) =
R — (¢ > R/2 by definition. Thus assume that x € B. Let A; be such that x
and the vertices a; with ¢ € A; are in the same connected component of A. We
first show that those vertices a, with p € A, where £ # j do not contribute to
(3.30). Indeed, then z and a, are in the different connected components of A.

But since Bgys(ap, G) C B, it then follows that distge (z,a,) > R/2. Therefore
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H{p € [1, 4] : distge (z,a,) < R/2} < |4, and the claim (3.30) follows from the
third inequality in (3.32). O

Proof of (3.31). By the same proof, (3.30) also holds with ¢ replaced by ¢ — 1, i.e.,
with T = B,(1, G) replaced by B,_1(1,G), including in Lemma 3.12. This gives

[{v € T : distge, 0.0) (2,0) < R/2}H <w + 1.
Then claim then follows since G \ T C GE-1(L9), O

3.3.5. Proof of Proposition 3.11.

Proof of Proposition 3.11. For the first statement, viewing the annulus A as a sub-
graph of G(M| the bound (3.32) immediately implies that the sum of deficit function
over any connected component of A satisfies > g(v) < max; |4;| <w + 1.

For the second statement, let k = |U| and write U = {uy,ug, ..., ux}. Let X C [NV]

be the set of vertices of any given connected component of A. Define
B, :=XN0ou; = {Ui,vé,...,va”}, 1=1,2,...,k,

where Ju is the set of neighbors of the vertex u in G. Notice that g(v) = 0 unless

véE€ BU---UBy. Thus
k
(3.34) D g) <Y glo) <Y IBI< U+ )Y (1B - 1),
veX i=1 veEBy i=1 i

so that the claim follows from

k

(3.35) > (1Bl - 1) <w.

=1

To prove (3.35), we consider the graph

H=DB\ U{{Uza ot} {ug, vi}, - {w, UfBi|—1}}-
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Note that H is obtained from B by removing exactly S | (|B;| — 1) edges and that
H is connected. Since by assumption B has excess at most w, after removing any

w + 1 edges, it cannot be connected. This implies (3.35). O

3.3.6. Estimates for local resampling. In the following, we give some basic estimates
for the local resampling. In particular, we show that, with high probability, most

edges are switchable.

Proposition 3.13. Let § > 0.

(i) For any x € [N]\ T,

2
(i1) For any positive integer w, we have
(3.37) Po(|Ws| > pp — 3w) = 1 — o( N79*0),

Proof. To prove (i), we recall that, for any ¢, the oriented edge (b;,¢;) is uniformly
chosen from the oriented edges of G(T). By definition of T, there are at least Nd/2 —
(d+d(d—1)+---d(d —1)") edges in GV, and since for any vertex » € G, the
degree obeys deggm (z) < d,

d 2

Polbi =) =Polei =2) S ST ad—D 5 dd=1) <N
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To prove (ii), we need to analyze the events [;.J; = 0 more carefully. We define the

disjoint sets

Ay ={i €[] I =0},
Ay ={i € [1,u] \ Ao : {bi, ci} N (Ujiles])| = 1},
Ay ={i € [1,u] \ Ao U A1 = [{bs, i} N (Uji{by, ;1) = 1},

As={ie[l,pu]\ Ao UA; UA;y: 3 jsuch that [; =1; and |[e;] N {bj, ¢c;} > 1},
and claim that
(338) [[1,/11]] \ Ws = {Z S [[1,/11]] LJ = 0} CAyUAUAU As.

Indeed, if i € [1,u] \ Ws, then I; = 0 or J; = 0. Clearly, if I, = 0 then i € Ay C
AgUA;UA2UA;. On the other hand, if J; = 0, there exists some index j € [1, u]\ {¢}

such that [[S;] N [5;]| > 1, and there are two possibilities (recall that e; = {l;,a;} and
€ = {lj>aj}):

(i) i # ;. Then either [{b;,c;} N {bj,c;} = 1; or [{b;,c;} Nlej]| = 1 and
lei] N {b, ¢33 > 1.
(ii) {; = l;. Then either |{b;,c;} N{bj,c;} = 1; or [{b;,c;} Nes]| = 1; or [[e;] N

{bj, ¢} = 1.

Either way, J; = 0 implies i € A; U Ay U A3, and (3.38) holds. To bound the number
of elements on the right-hand side of (3.38), we first note that |As| < 2|4y U A4].
In fact if ¢ € Ajs, then there exists some j such that |[e;] N {bj,¢;}| > 1, and thus
Jj € Ay UA;. Since any {b;,c;} can intersect at most two edges e; with ; = [,

A< S e[l =1 and [{by, ¢} e > 1} < 2140 U Ay

JEAQUA,
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Therefore, it follows that
(3.39)

(L e\ Ws| =i € [1,p] : LiJi = 0} < 3[A0 U As| + [Az] < 3[Ao| 4 3| As| + [As].

We will show that
(3.40) P(|Ao| + [Ai] + 5] 4s] > w) = o(N7#F),
which implies the claim since

PO, ] \ Ws| = 3w) < P(3|Ao| + 3[As| + [A2] = 3w)
<P([Ao] + [Aa] + 3] A2| > w) = o(NTF?).

To prove (3.40), first notice that there is a subset A, C Ay with |A}| > |As|/2 such
that 7 € A5 implies [{b;, ¢i} N (Ujga, {05, ¢;})| = 1. Hence, if [Ag| 4+ [A1] + [A2]/2 > w,
then there exist disjoint index sets Ay C Ag, A; C Ay, Ay = Al such that |Ag|+|A; |+
|Al| = w and
Vie Ay,  L;=0,

(3.41) Vie Ay, [{bi e} N (Uzile))| 2 1,

Vi € AlZa ]{bl,cz} N (Ung/Q{bj,Cj}ﬂ 2 1.

\

The condition I; = 0 is equivalent to distg({a;,l;}, {b;,¢;}) < 1. Therefore, by (3.36),

4 @ . 8d
(3.43) < N#{x e gV distg({a;, [;},x) < 1} < N

Similarly, since | U; [e;]| < 24,

(3.44) Po(({bs i} 0 (Upsiles)| > 1) <
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and, for any 7 € 121’2, we have

o - 17 8“
(3.45) Py (H{bis e} N (Uyga Dol > 1] 55 ¢ Ay) < 1

Finally, there are at most (3u)¢ disjoint sets Aoy, Ay, Ay C [1,p] such that |Ag| +
|Ay| 4 |AY| = w, and therefore

IP’g<|A0] + A1) + 5|As] > w) < (3p)” max Pg (the sets Ag, Ay, Al satisfy (3.41))

Ag,Ar,Al
= (3 max [[ Bg(Li=0) [] Po(|{bi,c:} N (Ujsle,)] = 1)
AO’A17A2 iEAO iE/il
[T Po (I{bi i} N (U fbysei} > 1|55 € 4y)
ic Al

8d 81t 81t _
< w o s g N w+0
(3) Aﬁ?ﬁén ~ 7 I & =« ),

i€ Ao i€A; ic Al

where the maxima are over all disjoint sets Ay, Ay, A C [1, u] such that |Ag| + |A;| +
]121’2] — w, and where we used that the probability factorizes since the sets A, A1, 21’2

are disjoint. O

Remark 3.14. Throughout Sections 3.3.7-3.10, we fix a d-reqular graph G € Gy 4

on the vertex set [N], and abbreviate its {-neighborhood of 1 by
(3.46) T=B,(1,G), T =DBy(1,G).

We also write

(3.47) T, = {v € G : distg(1,v) = i},

for the set of vertices at distance i from 1.

Further, we enumerate the boundary edges OgT as {l;,a;} for i € [1,u], where
l; € T and a; € [N]\T. We denote the resampling data by S = (Sy, S, . . ., S,.), where
Si = {(l;, @), (bs, )} fori € [1, 4], and (by,¢1), ..., (b, c,) are chosen independently
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FIGURE 8. For the vertices x € {a;, b;, ¢;} participating in the switch-
ing, we denote by K, their radius-R/4 neighborhoods in the unswitched
graph, with b; and ¢; disconnected and the set T removed. The typical
K, are disjoint from the other K., and in the typical case, the sets K,
and K. exchange their roles under switching.

and uniformly among oriented edges from the graph G™. We denote by S(G) the
set of all possible switching data, so that S is uniformly distributed on S. Given
switching data S, we denote the set of admissible switchings by Ws. Without loss
of generality, we will assume for notational convenience that Ws = {1,2,3,...,v}
where |[Ws| = v < p.

To study the change of graphs before and after local resampling, we define the

following graphs (which need not be regular).

e G is the original unswitched graph;
o G0 is the unswitched graph with vertices T removed;
e G s the intermediate graph obtained from G by removing the edges
{b;,c;} with i € Wg;
o G s the switched graph obtained from G by adding the edges {a;, b;} with
1€ Ws; and
e G is the switched graph Ts(G) (including vertices T).
Following the conventions of Section 2.3, the deficit functions of these graphs are
given by d — deg, where deg is the degree function of the graph considered, and we

abbreviate their Green’s functions by G, G, G(T), G™, and G respectively.
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3.3.7. Graph distance between switched vertices. This section provides estimates on
the distances between the vertices participating in the switching, in the graph with
vertices T removed (before and after switching).
It can be helpful to think about these estimates in terms of the sets K, C [N]\ T
defined by

(3.48) Ko, =Brsa(a;, G™), Ku, =Bra(ai, G\ {{bi,i}}), where z; € {b;, c;},
and illustrated in Figure 8. In (3.29), (3.30), it is shown that

e (3.29) except for at most 2w many, the K, does not intersect the other K,.

e (3.30) any x € [N]\ T is in at most w + 1 many of the sets K,.

Roughly speaking, in this section it is shown that, for any graph G € Q, the following

estimates hold with high probability under Pg:

e (3.49) any x € [N]\ T is in at most w of the sets Ky;

(3.49)

e (3.50) any K, intersects at most w of the Kp;
(3.51) any K, intersects at most 2w of the other K,, Ky;
(3.52)

e (3.52) except for at most w many, the K, are trees.

By symmetry, the same statements hold with b replaced by c¢. More precisely, in
the remainder of this section, we show that the estimates stated in the following

propositions hold.
Proposition 3.15. For any graph G € Q (as in Section 3.1.2), the following holds
with Pg-probability at least 1 — o( N~«*9):

o Any vertex x € [N]\ T is far away from most vertices in {by,bs, ..., b,}:

(3.49) {i € [1, ] : distgen (z,b;) < R/2}| < w.
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e Most indices i € [1, u] are good:

(3.50)
1Ba| < 3w, with B, = {i € [1, ] : distgem (a;, {a;, br : 5 € [L, u] \ {i}, k € [1,1]}) < R/2},

(3.51)
IBy| < 2w, with By = {i € [1, 4] : distger (b, {az, by : j € [1, 1], k € [1, 1] \ {i}}) < R/2},

(3.52)
IB.| <w, withB.={ie[1,u]:Br(c;,G") is not a tree }.

Note that B, is the set of indices 7 such that K, is not disjoint from all sets other
K, and K,, and that By is the set of indices 7 such that K,, is not disjoint from all
other sets K, and K,.

We will show that the estimates (3.50) and (3.51) also imply the following estimates

for the switched graph G(™.

Proposition 3.16. Assume (3.50) and (3.51).
e For any index i € [1,u] \ (B, UBy),

(3.53) distger ({ai, bi}, {aj, b5 0 j € [1, ] \ {i}}) > R/2.
e For any vertex x € [N]\ T,

(3.54) i € [1, 1] : distgm (2, {as, bi}) < R/4}] < Sw.

The remainder of this section is devoted to the proofs of Propositions 3.15-3.16.

3.3.8. Proof of Proposition 3.15. Recall that the oriented edges (b;,¢;) are indepen-
dent and distributed approximately uniformly, so that (3.36) holds. The claims es-

sentially follow from this.
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Proof of (3.49). In any graph with degree bounded by d, the number of vertices at
distance at most /2 from vertex x is bounded by 1+d-+d(d—1)+- - -+d(d—1)%/271
2(d — 1)f/2. By (3.36) therefore

A(d — 112

(3.55) Pg(distg(qr) (x,0;) < R/2) < N

Since the by, ...,0b, are independent, it therefore follows that

_\R/2\ W
P(|{i € [1, 1] : distgem (2, b;) < R/2}| > w) < (5) (%) < N~9+3,

where, in the last inequality, we used that (4(d—1)%/2u)* < 239 (d—1)F/2+H+Dw « N9

by the choice of parameters in Section 3.1. O

Proof of (3.50). Recall the annulus A, and sets A, Ay, ... from Lemma 3.12. By
(3.32), |[AjU---UA,| < 2w, and for any i € Ayy1 UAsi0U- -+ a; is at least distance

R in G from other vertices a;. It follows that

Pg (|{Z € [[Llu]] : diStg(T>(ai’ {aj>bk VS [[LMH \ {Z}vk S HLN]]})H < R/Q} > 3w)
< ]P)g (‘{Z < Aa+1 U Aa+2 U diStg(T) (ai, {bl, bz, . ’bﬂ})}’ < R/Z} 2 w) .
By a union bound, the right-hand side is bounded by
Z ]P)g (diStg(”Jr) ((Iil, bjl) < R/2, Ce ,diStg(T) (a,-w, bjw) é R/Q) N
A\ B/
where A" = {iy,...,i,}, B = {j1,...,ju}, and the sum over A’ runs through the
subsets of Ay41 U Agi2 U -+ with |A'| = w, the sum over B’ runs through subsets of
[1, u] with |B’| = w. Notice that if aj and a,, are in different connected components
of A, then distgm (ar,b;) < R/2 and distgm (am,b;) < R/2 imply b; and b; are
in different connected components of A (those of a; and a,,, respectively), and in

particular then b; # b;. As a consequence, the indices ji, ... j, must be distinct, and

in particular the random variables b;,,...,b;, are independent. Thus the previous
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expression is bounded by

> Pg (distge (ai,, by,) < R/2) -~ Pg(distgen (s, by,) < R/2)
A’,B’

2 - R/2\ W
) ()

where we used that there are (Z ) choices for A" and B’ respectively, and the estimate

(355) with x = Ajyy ooy Qg O

w

Proof of (3.51). Similarly, to prove (3.51), by the union bound we have

Pg ([{i € [1, pl - distgen (bi, {aj, be = j € [1, pl, k € [1, ] \{i}}) < R/2} = 2w)
<Y Pg (Vi€ B distge (bi, {aj,bx 1 j € [1,p].k € [1,u] \ {i}}) < R/2),
o
where B’ runs through all subsets of [1,u] with |B’| = 2w. Next, we notice that,
if for all i € B’, we have distgm (bi, {a;,0r : 7 € [1,p],k € [1,p] \ {i}}) < R/2,
then there must be subset B” C B’ with |B”| = w such that for all i € B”, we have
distgm (bi, {a;, bk : 5 € [L,pu],k € [1,u] \ B"}) < R/2. By relabeling, without loss

of generality, we assume that B” = {y —w+1,p—w+2,...,u}. Conditioned on

51, 52, R gu_w, we have
P, (dist(bi, (a1, a9, @ by boy o byo}) S R/2| S0, S, §M_w) < 8u(d — 1)F/2/N,
for any i € [u —w + 1, u]. Therefore,

> Pg (Vi € B, distge (b, {aj, by : j € [Lpl. k € [1, 1]\ {i}}) < R/2)

&

< Py (Vi € B distge (b, {ag, by j € [1, ] k € [1,1]\ B'}) < R/2)

BN

C\R/2\ ¥
< (5) (%) < N7t

since there are (5 ) choices for B”. This completes the proof. O
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Proof of (3.52). By the assumption G € , all except at most N° many vertices have
radius-R tree neighborhoods. In particular, the same holds for G™. By (3.36), it

follows that

Pg (the radius-R neighborhood of ¢; contains cycles) < 2N 7'+,

By the union bound, and using that the number of ways to choose w + 1 elements

from 4 elements is bounded from above by p“*!,

Pg ([{i € [1,p] : radius-R neighborhood of ¢; contains cycles}| > w + 1)

< Mw+1(2N71+6>w+1 < (2N)w+1N7w71+(w+1)5 < N7w+§’

given that § < 1/w and using that u < 2(d — 1)**! = (log N)°M by the choice of

parameters in Section 3.1. U

3.3.9. Proof of Proposition 3.16.

Proof of (3.53). By the definition of the sets B, and By, for any i € [1, u] \ (B, UBy),

we have

(3.56) distge ({az, bi}, {a;,0; 1 j € [1, 1] \ {i}) > R/2.

Since G is obtained from G by removing the edges {b;, ¢i}i<, and adding the
edges {a;, b; }i<,, the claim (3.53) directly follows from (3.56). O

Proof of (3.54). We consider three cases. If distgm (2, {a;b:i}) > R/4 for all i €
[1, 1], then the claim is trivial. If distg) (z, {a;, bi}) < R/4 for some i € [1, u] \ (B, U
By), then (3.53) implies that

diSt@m(Zﬂ, {CLj, bj}) = diStg(T)<{ai, CLj}, {aj, bj}) — diStg(T) (.T, {(Ii, bl}) > R/2 - R/4 = R/47
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for any j € [1,p] \ {i}. Thus [{i € [1,x] : distgem (v, {a;, b:}) < R/4} =1 < 5w
as claimed. In the remaining case, distge (z,{a;, bi}) < R/4 is only possible for
i € By UBy. Therefore |{i € [1, 1] : distge (2, {as, bi}) < R/4}| < [Ba UBy| < 5w as

claimed. O

3.4. The Green’s function distance and switching cells. The bounds provided
in the Section 3.3.7 provide accurate control for distances at most R/2. However,
random vertices are typically much further from each other, we require stronger upper
bounds on the Green’s function for such large distances. These bounds are in fact a
general consequence of the Ward identity,

(.57 16y = Tt

Im|z]

which holds for the Green’s function of any symmetric matrix (see (B.6)). To make
use of it, we introduce a much coarser measure of distance in terms of the size of the

Green’s function as follows.

3.4.1. Definition. Given a parameter M > 0 (ultimately chosen in (3.60) below), we
define a relation ~ on [N] \ T by setting z ~ y if and only if

M
(T) _
(358) u:distII(]-za,g)Cgélr, |G“U (z)| Z B /Nn’

v:dist(y,v)<4r

where the distance in the maximum is with respect to the graph G and n = Im][z].
The relation ~ induces a graph R on the vertices {a4, ..., a,, b1, ...,b,}. We partition
{a1,...,a,,b1,...,b,} into its ~-clusters. More precisely, we define I; to be the
vertex set consisting of the union of the connected components of R containing any
element of {ay, as, ..., a,}, and we define [, .. ., I; be the vertex sets of the remaining

connected components of R.

Definition 3.17 (Cells).
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O
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FIGURE 9. The S-cells are clusters of vertices that are close to one of
the edges {b;, ¢;} in the sense of the Green’s function distance ~. The
S-cell Sy contains all a; (the vertex boundary of T in the original graph)
as well as those b; which are close to any of the a; in the sense of the
Green’s function distance. Since the switching may decrease distances
between vertices, the S'-cells are defined by joining the S-cells which
have vertices that are close to each other.

e Define sets S1,Sy,...,S, C [1, N] called S-cells by
(3.59) Si = B (I;, G).

For any vertex x € [N]\T, we write x ~'S; if there isy € I; such that x ~ y.
e Define S),...,S., C [1,N] called S'-cells by combining the S-cells which are
close to each other after switching: we set S| =Sy and join S-cells S; and S;

with 1,7 > 1 if distgm (S;,S;) < 2r.

The S- and S'’-cells are illustrated in Figure 9. The S-cells are defined in terms
of the unswitched graph. In the switching process, distances between S-cells may
decrease. This is accounted for by the coarser S'-cells. For later use, we note the

following elementary properties of S-cells:
e For any z € S; and y € S; such that i # j we have ]GQZE)] < M/+/Nn.
e For any vertex z € [N]\T, if z #¢ S;, then for any y € S;, |GSY| < M/v/N7.

o If b, € S;, then also ¢ € S;; and, consequently, if b, € S then ¢, € S/.
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3.4.2. Estimates. From now on, we fix the parameters M and w’ by
(3.60) M = d*(log N)°, W' = [logN],

where § > 0 was fixed at the beginning of Section 3. The next proposition shows

that the cells do not cluster.

Proposition 3.18. For any graph G € Qf (2,€) (as in Section 3.1.2), with probabililty

at least 1 — o(N=“%9) under S, the following estimates hold:

o Any x € [N]\'T is ~-connected to fewer than w' of {b1,bs,...,b,},
(3.61) Hie[l,p]:x~b} <

In particular, x is ~-connected to at most W' of the S-cells.
e Lxcept for at most W' many indices i, the vertex b; is a singleton in the graph
R, and thus the S-cell containing b; is disjoint from {a;,b; : j € [1,u],k €

[1, e\ A{i}}
(3.62) {i e[l ] bi ~{ay, b j € [Lop] k€ [Lp] \{i}}} < o'

In particular, each S-cell contains at most W' of {by,ba,...,b,}.

e Most S'-cells are far from the other vertices participating in the switching:

i € [1,v] : b €S}, such that j =1 or
(3.63)
dist(S}, {ar, by, cm 2 k€ [Lp] \ {i},m € [1,v] \ {i}}) < R/4}| < W' + 5w.

In particular, each S'-cell contains at most W' + 5w of {by,bs,...,b,}.

In the remainder of this section, we prove the above proposition. It is essentially

a straightforward consequence of the definitions, combined with union bounds.

3.4.3. Proof of Proposition 3.18. The following two lemmas collect some elementary

properties of the Green’s function graph R on {ay,...,a,, by, ..., b,} that we require.
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Lemma 3.19. Let G € Qf (2,£) (as in Section 3.1.2) and x,y € [N]\ T. Then we

have x ¢ y implies distgen (x,y) > 8r.

N

Proof. We show that distgem (x,y) < 8 implies  ~ y. Assume that distgm (x,y)
8r. Then there must be a vertex u such that distgm (2, u) < 47 and distgm (y, u) < 4r.

Moreover, by the definition (3.11) of Q7 (z,¢) and estimate (2.13), also |Gﬂ)(z)| >
|mse(2)|/2 = M/+/Nn, and thus x ~ y. O

Lemma 3.20. Let G € Qf (2,0) (as in Section 3.1.2) and x € [N]\ T. Then
(3.64) Pg(b; ~ ) < 16(d — 1)¥ /M?.

Proof. G € O (2,0) and (2.13) imply that Im[G{Y] < |GYY| < 2. Thus the Ward

identity (B.6) implies
(3.65) Z G5 1P =[G /n < 2/n.

For any vertex x € [N]\ T, set

¥, = {i  INI\T: 1G] > M//Nn}.

V, =i € [N\ T:distge (i, ) V;| <4
jEB4T(I,g(T))
The inequality (3.65) implies |V,| < 2N/M?, and since any vertex has at most
2(d—1)* vertices in its radius-4r neighborhood, we also have |V, | < 8(d—1)*" N/M?.

Moreover, i € V, implies that i o4 x. Thus
2
Pg(b; ~ 1) < Pg(b; € V,) < N|Vx| < 16(d — 1)¥ /M?,

where the second inequality holds because b; is approximately uniform (3.36). U
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Proof of (3.61). The proof is similar to that of (3.49). By the union bound and
(3.64), we have

16(d — 1)3\*
Pt e [l a2 < (1) (U5 ) < togm)ohey v,

where, in the second inequality, we used ( 5/) < ,u“’/ and that

16Md87"/M2 < 16d€+1d17£d—18€(10g N)—25

since pr < d“*! and by the definition of M (3.60). O

Proof of (3.62). The proof is similar to that of (3.51). Indeed, by the union bound
and (3.64),

Pg ({i € [1, 1] : b ~ {a;, b - j € [Lu] b € [Lp] \ {i}}}] > o)

16(d — 1)8r 7
< ( f;z) ( ( M2) N) < (IOgN)_(SlOgN/z <<N—w’
w

as needed. 0

Proof of (3.63). Recall the index sets B,,B, C [1, 4] from (3.50), (3.51), and let
i & B, UBy be such that b; o {ax, by, - k € [1, ], m € [1,v] \ {i}}. Denote the S-cell
containing b; by S; then S is not S; and it is disjoint from {bs : k € [1, u] \ {i}}.

By the definition of B,, B, and since b; and ¢; are adjacent in G™ we have

(3.66) distgm ({ai, bis ity {an, by, e o k€ [1, 0] \ {i},m € [1,v] \ {i}}) > R/2 — 2.

Since the graph G is obtained from G™ by removing edges {bj,¢;}j<» and adding

edges {a;,b;};<,, we also have

(3.67) distgen ({as, b, ¢}, {ag, by e = k€ [1, ] \ {i},m € [1, 0]\ {i}}) > R/2 - 2.
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Moreover, for any other S-cell S; # S, S;, we have
diStG('[r) (S, S]) 2 —27“ —|— diStg*(m(bi, ]IJ) — 27" 2 R/2 — 2 — 4T > 27",

where we used (3.67), 7 < R and the definition (3.59) of S-cells, i.e. S = By, (b;, G™)
and S; = By, (I;,G™). Thus S is a S'-cell itself, and

diSté(T)(S7 {ak’a bmacm ke [[17M]] \ {Z}vm S [[17 V]] \ {Z}})

> distge (bi, {ak, Oy e - k€ [Lp] \ {i},m € [Lv] \ {i}}) —2r > R/2—2r —2 > R/4,

where we used r < R. Therefore, only i € B, UB,, or b; ~ {ay, b, : k € [1,u],m €
[1,v] \ {i}} contribute to the statement (3.63). Thus, combining (3.62) with the
estimate |B, U By| < 5w from (3.50), (3.51), and with (3.62), the estimate (3.63)
follows. O

3.5. Stability under removal of a neighborhood. The following deterministic
estimate shows that removing the neighborhood T from the graph G has a small effect

on the Green’s function in the complement of T.

Proposition 3.21. Let z € C, and v/d—1 > (w+ 1)22%+10 and let G € Q (as in
Section 8.1.2) be a graph such that, for all i,j € [N],

(3.68) |Gij — Py (&1, 5,9))| < |mselq”
Then, for all vertices i,j € [N] \ T, we have

(3.69) GG = Py(&:(1.5.6M))] < 2lmaclg”

1)

As discussed in Section 3.1, the removal of T is useful because our switchings have
a smaller effect in G than they do in G. Indeed, in the original graph G, our
switchings have the effect of removing two edges and adding two edges, while in G()

our switchings only remove the edges {b;, ¢; }i<, and add the edges {a;, b;}i<,. In the
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next few sections, we therefore work with G and its switched version G, and only
return to the full graph in Section 3.8.

The remainder of this section is devoted to the proof of the proposition. The main
ingredients are that (i) given any 4, j, there can only be a few vertices in T that are
close to ¢ or j, by the deterministic assumption on the excess of R-neighorhoods,
and (ii) that for all other vertices in T, the decay of the Green’s function implied by

(3.68) shows that the removal of them has a small effect.

3.5.1. Step 1: Removal of vertices close to i or j. From (3.47), recall that T, = {v €
G : distg(1,v) = ¢} is the set of inner vertex boundary of 7. The first step of the
proof of Proposition 3.21 consists of removing the vertices in T, that are close to i or

7. The set of such vertices is
(3.70) U={veT,:distgr(i,v) <r}U{v e Ty:distg\7(j,v)} <r},

where G\ 7T is obtained from G by removing the subgraph 7 induced by G on T (but
not removing Ty). Then |U| < 2w + 2 by (3.31). The following proposition shows

that the Green’s function remains to be locally approximated after removing U.

Proposition 3.22. Under the assumptions of Proposition 3.21, for any vertex set

U C T with U] < 2w + 2,
(3.71) (G = Py(:(6,5,6™))| < Blmacla” /2
The proof of Proposition 3.22 follows a general structure that occurs repeatedly in

similar estimates throughout the paper.

(i) The first ingredient in this structure, which we refer to as localization, replaces
the Green’s function P;;(&, (i, 7,G)) of the vertex-dependent graph &,(7, 7, G)

by the Green’s function P;; = P,;(Gy) of a graph G, that does not depend on
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FiGUuRE 10. The innermost disk shows T, the second largest disk the
set X, and the outermost disk Gy. For any i, j € X the graph &,.(i, 7, G)
is contained in G.

1,7, by an application of Remark 2.8. For this, among other things, we need
to verify the assumptions of Proposition 3.22.

(ii) The second ingredient, which we refer to as the starting point for the argu-
ment, is an algebraic relation that expresses the quantity to be estimated
in a convenient form. The starting point typically follows from the Schur
complement formula or the resolvent formula.

(iii) The third ingredient is a collection of previously established estimates re-
quired to estimate the expressions given by the starting point. It typically

includes estimates on elements of Green’s functions and graph distances.

The actual proofs then usually follow by combination of the above ingredients. In
principle, this step is straightforward, but often several different cases need to be

distinguished, which makes some of the arguments appear somewhat lengthy.

Below we provide the first instance of the strategy described above to prove Propo-

sition 3.22.
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Localization. We approximate P;;(&,(i,7,G)) by a vertex independent Green’s func-
tion P,; according to Remark 2.8, applied with Gy = B;,(1,G) and X = B,, (U, G).

We abbreviate
G, =TE@G), P=GG), ¢V =Tr@") PY=qc@".

Verification of assumptions in Proposition 2.7. As subgraphs of G € Q, the radius-
R neighborhoods of G, and QSU) have excess at most w. By convention, the deficit
function of Gy vanishes, on each connected component of géU), the deficit function of
G obeys 3" g(v) < w+ (2w +2) < 8w, by Proposition 3.11. Thus the assumptions

for (2.14) are verified for both graphs, and for any i, j € X,

(3.72)
‘Pij(&«(i,j, G)) — Pij} < 22w+3‘msc|qr+1, |Pij(57~(i,j, g(U))) _ P,(FU)} < 22w+3‘msclqr+1

v

provided that v/d — 1 > 2«+2,
Starting point. To remove U, we apply the Schur complement formula (B.4): for any

i,j g,

Gij — ng) = Z Gz’z(G‘U);ylej?

z,yelU

pz.j — PZ,(;U) = Z -P’ZI(P|U>;Z,IIPyj'

z,yclU

(3.73)

Our goal is to show that the difference Ggm —P-(;U) is small, by using that the difference

)

of G and P is small. As evident from the right-hand sides of (3.73), for this we require

upper bounds on the entries of G and (G|y)~" (and analogously for P and (P|y)™!).
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Green’s function estimates. By assumption (3.68) and (2.12)—(2.13), we have

|Gl = [mal| — [Me| /4 — Mg = 3Imscl /5,

(3.74) |Gwl < 2972 mselq + [miselq” (x # w),

\|wa| < [ melq” (distg(z, w) > r).

These bounds imply the upper bounds for the entries of (G|y)~! stated in the
following claim. The claim essentially follows from the fact that the off-diagonal
entries of G|y are much smaller than the diagonal entries which have size roughly

Mge-

Claim 3.23. Under the assumptions of Proposition 3.21, for any U C T with |U| <

2w+ 2, and any x,y € U,

(3.75) |(G|U);yl < 2/ Mgl |(P|‘U);yl < 2/[mye|.

Proof. By the identity G|y(Gly)™ = Iyxy, we have
(3.76) Oay = Gaa(Gl)op + > GoulGlu)uy-
wel\{z}
Let I' := max, yev |(Glu)y, |- Then (3.74) and (3.76) imply
|Gw$||(G|U>;y1 < Oy + Z |G| T < 14 (2°72g 4 )| U] e[ T
wel\{z}

Taking the maximum over z,y € U in the equation above and using (3.74) gives

5
< —
3|mise] +

5 n r
3|mg| 6’

(2°*?q+ ¢")|UIT <

W] ot

provided that v/d — 1 > (w + 1)2¢%5. T' < 2/|my,| follows by rearranging. The same

argument applies to P|y, and we obtain (3.75). O



72

Proof of Proposition 3.22. First consider the case that at least one of ¢ and j is not in

X (i.e. far from U). Then &,(1,5,G) = &.(i,5,GY), and (3.71) follows directly from

Y GiulGl),, G

z,yelU

U
Gy — Gl =

where we used (3.74), (3.75) and that v/d — 1 > (w + 1)%2*%".
Next consider the main case i, 7 € X. By (3.72), it suffices to bound the right-hand

side of

377 16 = POI< |Gy — Pyl + > |GialGlu)sy Gy — Pl Plu)zy P

Z]
z,yelU

which follows from taking difference of expressions in (3.73). By (3.68) and (3.72),
since for all vertices 4, j € Xand z,y € U C T, we have &,(i, 4,G),E.(i,x,G),E-(y, 7,9), €
g07

(3~78) |Gij - Pij|’ ’Gi:c - Pw|7 |Gyj - Pyj|7 |Ga?y - P:cy| |msc|q + 22w+3|m80|qr+1

Together with (3.75) and the resolvent formula (B.1), it follows that
(3.79)
(Glu)zy — (Plu)zy] = 1[(Glw) ™ (Gl = Plo)(Plv) ™ eyl < AU+ 22"2q)q"/Im].

Using (3.74), (3.75), (3.78), and (3.79), the sum on the right-hand side of (3.77) is
bounded by

vi| S (2w+2q + qr)qT|U|2|mSC|2(2/|mSC|) < |msc|qr/27

(,9,G) C

> (1Gia = Pul I(G1o)z Gosl + 1Pl Plo)z G = Pogl + 1 Pasl [(Gl)zy = (Plo)zy 1)

z,yc€l
(3.80)
< 4|msc’qT(1 4 22w+3q) (|U|2(2w+2q + qr) 4 |U|4(2w+2q + qr)2) < |msc|qr/4

where we used that v/d — 1 > (w + 1)22%71% The claim follows by combining this
bound for (3.77) with (3.72). O
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3.5.2. Step 2: Estimate of Gg-r) using GZ(-;U). Next we pass from GZ(-}J) to GS-T). By
definition of U, there are no vertices in T \ U that are close to ¢ or j in the graph
G™ . Thus the step mostly follows from the decay of the Green’s function together
with the assumption that there are few cycles.
Starting point. Define Gy = Bs,.(1,G) and G; = TE(Gy) as in Section 3.5.1. The
normalized adjacency matrices of G(¥) and QfU) = TE( (()U)) have the block matrix

form

HU pr HY B
B D B, D

where H® is the normalized adjacency matrix of 7). The nonzero entries of B
and By occur for the indices (4, j) € {as,...,a,} x Ty \ U and take values 1/v/d — 1.
Notice that Bl-j = (Bl)ij. We denote the normalized Green’s functions of GV and

G by GO and PO respectively. By the Schur complement formula (B.4), for any

i,j € [INI\T,

T _ U U
(3.81) Gz(‘j):(D_Z>ij1:G§j)_ Z GGy T™\U) 2y G
z,yeT\U
and also
(3.82) (P(U)|'J1‘\IU)_1 =H"Y — z — B{(D, — 2)"'B,
3.83 GUlpny) ' =HY — 2 — B (D - 2)"'B.
\

Claim 3.24. For any z € T, \ U,

(3.84) > 1Py | < 2(12] + 1).

yeT\U
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Proof. For any x € T, \ U, by (3.82) we have

Do PPyl = 30 (H® =2 = Bi(Dy = 2) ' By

y€T\U yeT\U
< Y HG + 214+ > I(BI(Dy — 2) "' By)ay
yeT\U yeT\U
w+1 _
(3.85) <l Y (BUD — 2 Bl

yeT\U

In the last inequality, we used that the excess of T(U) is at most w so that for any
z € Ty \ U, we have degrw(z) < w+1 and thus 0 cq\y Hﬁf) < (w+1)/vVd—-1.
The terms in the last sum in (3.85) vanish unless y € T, \ U. Therefore the sum is

bounded by

Z (Bi)liai

(Dl - z);-}zi’(Bl)ailz‘ + Z (Bi)liai (Dl - Z)C:i](-leBl)ajlj

i€[1,u] i#j€[1,u]
l.=x 13,1 €ET\U
1 —1 1 —1
(386) < -— AZ L=t/ (D1 = 2 + 5= Z (D1 — )% .
ie[1,u] i#j€[1,1]

For the first sum in (3.86), the number of vertices a; adjacent to « is at most d — 1.
For the second sum, by (3.29), for all pairs ¢ # j with at most (2w)? exceptions,
distg(m (a;, a;) > R/2. For these pairs, a; and a; are in different connected components
of the graph Qfm which means that |(D; — z);}lj| = 0. Therefore there are at most

(2w)? non-vanishing terms in the second sum. We use also that

(D1 = 2)gh | = Paia, (TE(G)) < 3lmael/2.

a;

which follows from (2.15), provided that v/d — 1 > 2%*%3. Therefore,

(20 L8 (20
. . < - <z sc 57 1 ]
50 650 < (14 520 i (0= 5k, < Sl (14522
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By combining (3.85) and (3.87), we have shown that

w+1 3 2w)?
S POl < +|z|+—|msc|(1+< >)<2<|z|+1>,

yeT\U Y d—1 2 d—1
provided that v/d —1 > 8(w + 1). This completes the proof. O

Claim 3.25. For any x,y € T\ U,

U U r
(3.88) |G;y> — P;y>| < 2lmae|q”,
(3.89) G mw)zs — (PP)mw)es | < 48(|2] + 1)g"

Proof. Define matrices W and & by

(3.90) G(U)|’JI‘\IU = P(U)|’H‘\U + W,

(3.91) (GVpp) ™ = (PPp) ™ +£.

From (3.71), (3.72), for any x,y € T \ U, we have |W,,| < 2|m.|¢". We claim the
same estimate holds for the entries of the matrix £. Notice from (3.82), (3.83) that

Ewy # 0 only for z,y € T, \ U. Let I' := max, yem\v |Eay| = max, yer)\v |Eay|- By
taking the product of (3.90) and (3.91),

(3.92) £+ (P(U)|11‘\U)_1W€ + (P(U)‘T\U)_lw(P(U)|T\U)_1 —0.

For any z,y € T \ U, therefore

Eayl < D PO IWillEsl + - 1P o) 2 Wil PPlw);,) |

i,j€T\U i,j€T\U

<ITAUIImaclg)T Y 1(PPlpvw)z |+ @lmsla™) Y 1(PPlno)zt | Y (PP o)y,

i€T\U i€T\U FET\U
A(|2] +1)(d = 1) (2lmselg")T + 4(|2[ + 1)*(2lmiela”)

ST/2 4 4(]2] + 1)*(2maclq”)-
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For the second inequality, we used |W,,| < 2|ms.|q"; for the third inequality we used
IT\U| <|T| <1+d+d(d—1)+---+d(d—1)"1 <2(d—1)% and (3.84); for the last
inequality, we used r = 2¢+1, so that (d—1)’q" < (d—1)7"2? and |zm,.| < 2. Taking

the maximum on the right-hand side of the above inequality, and rearranging, we get
[ < 16(]2] + 1)*|msclq” < 48(|z| + 1)q"

as claimed. ]

Proof of Proposition 3.21. To prove the proposition, we define U by (3.70), and show

that
(3.93) G — G| < Imielq /4.

This implies the claim. Indeed, the definition of U implies that &.(i,7,G")) =
E.(i,7,GM), and therefore (3.69) follows from (3.72), (3.93) and Proposition 3.22:
(T T U U U
Gy = Py(&i, 5.9 < 1G) = G +1G = P + 1Py (6, 5,6™) = P
< |mselq” /4 + 3|mielq” /2 4+ 227 mie g™ < 2muelq”

Thus it remains to prove (3.93). By definition of U, we have distgw ({7, 7}, T\U) >

r, and therefore Proposition 3.22 implies

(3.94) max {]G(U 16 |} < 3Imaclq”/2 < 2maelq”
z€T\U

Furthermore, by (3.81),

G7 -cD< Y 160HY — 2 - B6MB),,G)
(3.95)
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with £ as in (3.91). For the sum, we have

(3.96)

> HY — 2= B{(Dy — 2)7'By + €)uy
z,yeT\U

<Y HD+ Y (Bual(Dr = 2k (B, + IT\UI +T\UP max 16,

z,yeT\U i,j€[1,p]
WET\ 1jl; €TH\U

1 _ r
< S HD 3 D= 2k |+ 2d = 1]+ 4d - 1 (4812 + 1)),

where we used |T\U| < 2(d—1)* and (3.89). By our assumption G € Q, the subgraph
T has excess at most w. Therefore the total number of edges of 7 is bounded by

IT|+w<1+d+dd—1)+---+d(d—1)""+w<2d-1) and

(3.97) Z HY < M

By the same argument as for (3.87), we get

(3.98)
1 -1 1 —1 1 -1
-1 > D= 2)h | = -1 > Dy = 2)n | + I-1 > Dy —2),0,
i.3€[1,1] i€[L,p] i#j€[1,u]
3lmse| ( p (2w)? 3[ e ¢, (2w)?
< < 2(d—1 S a—
2 (d—1+d—1 TR G A

where we used p < 2(d — 1)1, By combining (3.96)-(3.98), we have

> N(H = 2= B{(Dy — 2) ' By + &)yl <2(d — 1)f|2] + 4(d — 1) (48(]z| + 1)¢") +
z,yeT\U

2<dd—_11> + 3’77;SC| (Q(d - 1)5 + 222)1) < 5(’2,‘ + 1)(d— 1)6'

Combining the above estimate with (3.95), and using |zm,.| < 2,

. 20(]z| +1)|mg, . ,
G = GV < g (el + 1 - 1 < EE g
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This finishes the proof. U

3.6. Stability under switching. We recall the S-cells and S'-cells from Definition
3.17, and the set of switching data S(G) from Section 3.3.2. The results of this section

are the following stability estimates.

Proposition 3.26. Let z € C,, G € Q (as in Section 3.1.2) be a d-reqular graph,
and K > 2 be a constant such that, for alli,j € [N]\'T,

(3.99) Gy = Pi(En(i,3,6™M), 2)| < Klmelq

Then there exists an event F(G) C S(G) with Pg(F(G)) = 1 — o(N~“*9), explicitly
defined in Section 3.6.1 below, such that for any S € F(G) such that G = Ts(G) € Q
the following hold:

e Fori,j € [N]J\T,

(3.100) IGD — Py (&0, 5,6™M), 2)| < 2K |my.lq".

v

e For (i)i,j € [N]\T in different S-cells, or (ii) i,j € [N]J\T such that j € S;
and i & Sy for some t,

. oM
3.101 G < =
( ) | ) | \/N_n
e Fori,j € [NJ\T,
(3.102) G — Py(E0,5,.6™), 2)| < 27K muelq

For all estimates, we assume v/d — 1 > max{(w + 1)?22T19 28(w + 1)K}, w'q" < 1
and that /N1 = M(d — 1)1 (where M is as in (3.60)).

In particular, for any G € Q(z, ¢), Proposition 3.21 implies that the assumptions of

Proposition 3.26 are satisfied with K = 2. Thus Propositions 3.21 and 3.26 together



79
show that, for any graph G € Q(z,{), with high probability under S, the switched

graph G belongs to Q7 (z,¢) (as in Section 3.1).

3.6.1. Definition of the event F(G). We fix M and ' by (3.60). We will prove
Proposition 3.26 with the set F'(G) C S(G) defined by the following conditions on the

switching data S:

(i) At least u— 3w edges are switchable, i.e. the event in the probability in (3.37)
holds:

(3.103) [Ws| = p— 3w.

(ii) All except for w of the vertices {cy,ca, ..., c,} have radius-R tree neighbor-
hoods in G, i.e. (3.52) holds.

(iii) The vertices {a1,...,a,,b1,...,b,} do not cluster in the sense of distance,
i.e. (3.29)-(3.31) and (3.49)—(3.51) hold.

(iv) The vertices {by, s, ..., b,} donot cluster in the sense of the Green’s function,

i.e. (3.61)~(3.63) hold.

Then, for any G € Qf (z,£), we have
(3.104) Pg(F(G)) =1 — o( N7,

Indeed, (i) follows from Proposition 3.13, (ii) follows from (3.52), (iii) follows from

Propositions 3.10 and 3.15, and (iv) follows from Proposition 3.18.

3.6.2. Proof of (3.100). The proof of (3.100) follows the structure described below
(3.71). Moreover, similarly to the proof of Proposition 3.21, we distinguish between
vertices i, j that are close to the edges that get removed in going from G(™ to G
and vertices that are far from these edges. We first focus on i, 7 that are close to

those edges that get removed.
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Localization. First, we replace P;; (&, (7, j, G)) by the vertex-independent Green’s func-

tion P;;, using Remark 2.8 with
(3.105) Go = Ba({b1,bs,...,b,},6), X =By.({b1,bs,...,b,},GD).

Moreover, we define Gy to be the graph obtained by removing the edges {b;,¢;}icy
from Gy. The deficit function of Gy is defined to be the restriction of that of G(T. We

abbreviate

G =TE(G)). P=G(G), G =TEG)., P=G(@G)
Notice that Ql is equivalently obtained by removing the edges {b;,¢;}i<, from G;.
The following properties of Gy follow from (3.50) and (3.51).

Claim 3.27. Assume (3.50) and (3.51). Then each connected component of either

Gy or QO contains at most bw elements from {ay,...,a,,b1,...,b,}. More precisely,
(3.106) Hie[l,u]:a, €e K} <3w, [{i€][l,v]:b €K} <2w,

where K is the vertex set of any connected component of Gy or Go.

Proof. The claim follows directly from (3.50) and (3.51) and the definitions of Gy and

.C;o- U
Verification of assumptions in Proposition 2.7. Since both Gy and Go are subgraphs of
G € Q, their radius-R neighborhoods have excess at most w. Let K be the vertex set
of any connected component of Gy or Go. Since the deficit function of G, (respectively
Qo) is the restriction of that of G(™ (respectively G (1)), any of the vertices a;, b;, ¢; € K
contributes 1 to the sum of the deficit function over K. By Claim 3.27, the sums of
the deficit functions over any of the connected components of Gy and QO are therefore

bounded by 3w + 2 x 2w < 8w. Thus the assumptions of (2.14) are verified for both
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Go and Gy, and for any 1, J € X,
(3.107) [Py = Py(&:((i,5, 6D < 2 myclg™,

provided that v/d —1 > 2¢*2 and an analogous estimate holds for P. Up to a
small error, we can therefore use P instead of P(&,((i,7,G™)) and P instead of
P(E((i,5,6™)).

Starting point. By the resolvent identity (B.1), we have:

(3.108) G® —a® = agMAGD),

(3.109) P — P = PAP,

where A =37 (€pper, + €crty,)/Vd — 1. Taking the difference of (3.108) and (3.109),

we obtain
(3.110)
T 1 T
G =Py = (G =Pt e D0 (D -Pu)Put s Z G (G =P),
(z,y)EE

where the summation is over the oriented edges

(3.111) (z,y) € E={(by,c1),- ... (by,c), (c1,b1), ..., (co, b))}

We regard (3.110) as an equation for G™ — P, and will show that G‘SD — ]5Z-j is small
as a consequence of the smallness of G(T) — P.

Green’s function estimates. We first collect some estimates on Green’s functions, used

repeatedly:
(| ~(D
|Gij |7|f)ij|v| | 2|msc| (an i,j),
(3.112) G < Klmuelg", (distgen (i, 5) > 2r),
|szk| |ka| M/\/Nn,  (i,by are in different S-cells, or i o by).
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The first estimate follows from (2.15), and (3.99); the second estimate follows from
assumption (3.99), and P;;(&,(i, j,G™)) = 0; the last estimate holds by the definition

of ~ in Section 3.4.1.

Proof of (3.100) fori,j € X. By assumption and (3.107), the first term in (3.110) is
bounded by K|mg.|q" + 22“73|m.|q¢" . For the second term on the right-hand side
of (3.110), similarly ]Gg) — Pi| < K|myelq™ + 22T3|my.|q" ™. Moreover, Pyj =0if
y and j are in different connected components of Gy Thus by Claim 3.27, we have
P,; # 0 for at most 4w vertices y € {b;,¢; : i € [1,v]}, for which we use |P,;| < 2|my|
by (3.112). Combining these bounds, the second term in (3.110) is bounded by

1
Vd—1

(3.113) N7 GY = PallPyyl < 8w(K + 22773q) Imyelq™ .

(z.y)€EE

To estimate the last term in (3.110), we denote

AT A
I'= maX|G§j) — Pyl

ijex
Noticing that X C U%_,S;, we decompose the last sum over E in (3.110) according to

the cases in (3.112) as

where here and below |- - -] abbreviates the terms in the last sum in (3.110) and

Ey = {(by, &), (¢, by,) : i, by are in different S-cells},
E, = {(bg, cx), (ck, bi) : 1, by are in the same S-cells, and distgm (4, by) > 21},

Es = {(br. &), (cr, by,) = i, by are in the same S-cells, and distgm (7, bg) < 21}
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Notice that, for any (z,y) € E, we have |(G™ — P),;| < T by the definition of T,
For (z,y) € E}, |G§f)| < M/+/Nnq by (3.112), and |E)| < 2v < 4(d — 1)1+,

r 4(d — 12T
PBIERIES PO .
B B}

For (z,y) € By, |G\V)| < K|my|q” by (3.112), and |E,| < 2w’ by (3.62),

Z (T 2Kw’|msc\qrf

Z[' 1< \/d— d—1

FEo (LE y EEQ

For (z,y) € Es, |G'] < 2|ms.| by (3.112), and there are at most such 2w terms, i.e.
| 5| < 2w, by (3.49),

r ) 4dw|m.|T
< G| ¢ 0 seln
Z[ ] T ﬁ| iz | T
Eg (x7y)eE3

Combining the sums over EI, Eg, Eg, we get

1 A T

1< =

i 2 |GG — Byl < g
(z,y)€E

provided that v/d — 1 > 20w, w'q" < 1 and /N7y > (d — 1)*"' M. Thus (3.110) leads

to
G — Pyl <(1+ 8wq) (K + 2%7%q) [myelq” +T/4.
Taking the supremum over 7, 7 € X, we obtain

I' < (14 8wq) (K + 2*%q) [my|q".

wl»-lk

From this estimate, and from (3.107) to estimate P; — Py;(&,(4, j,G™)), we find

G — Py(E:0, 3. 6| < |G — Byl + | By — Py(E:((i,5.6™))]

4
< (14 8wgq) (K + 2%%3q) [miye|q” 4+ 27 Imye|q"™ < 2K|my|q",



84

provided that v/d — 1 > 2%*%5. This concludes the proof of (3.100) for 4,5 € X. [

Proof of (3.100) in the remaining case. In the remaining case at least one of i, j is
not contained in X; and by symmetry we can assume that i ¢ X. Then &,(4,7,G™) =
&1, 7, GT )) and the graphs on both sides of the equality also have the same deficit
function. It therefore suffices to show that |Gl-j - Gij)\ is small. By the resolvent

identity (3.108), we have

A(T
(3.115) G - Gl <

A(T)
\/— Z zm HGyj ’

a:yEE

Since i ¢ X, we have distge (¢, {bk, cx}) = 2r and therefore, by (3.112),
(3.116) IGD| < K|myelg” for any @ € {b;,c; - i € [1,v]}.
For the case that exactly one of 7, j is in X i.e. 1 € X and 7 € X, we now decompose
the set E defined in (3.111) as E = E| U E}, U E}, where
B} = {(b, ), (cx, by) : distgen (by, §) < 2r},
(3.117) Ey = {(bk, cx), (i, b) = 7 ~ by, distgen (b, §) > 27},
E_"é = {(bka ck), (Ck; bk) 7(/ by, dlstg(’ﬂ‘)(bk, ) > 27‘}

For (a,y) € Ef, since y, j € X, |G| < [Py(E:((9, 4,9™))| + 2K |meclg” < 2/mse| by
(3.114) and (2.15), and there are at most 2w terms, i.e. |E}| < 2w by (3.49),
1 AKw|mse|q"
] < K|ms. G < —F——.
Sl € o X (K )I6f] <

E] (z,y)€F]

where now [---] refers to the terms in the sum in (3.115). For (z,y) € E}, since

y.j € X, |G| < 2K|my|q” by (3.114), and |Ej| < 20’ by (3.61),

1 A(T) 20 (K |mse|q™) (2K |mse|q")
< E Klmg.lq" G(- < _

E} (z,y)EFE)]
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For (z,y) € Eé, |Gg)| < M/+/Nn by the definition of ~, |CA¥£)| < 2K |mg|q" by
(3.114), and | B} < 2v < 4(d — 1)+,

1 r+1 M
Sl1< = ¥ S Kime) < 8K - 1)

El (z,y) EE"

Combining the sums over £}, B}, E}, from (3.115) we obtain
A(T T r
G5~ G < Klmela'

provided that v/d — 1 > 20w, w'q" < 1 and /N7 > (d —1)**'M. This concludes the
proof of (3.100) for i ¢ X and j € X,

(3.118)
G — Py(&,(i,5,6M))| = |G — Piy(&:(6, 5.6™))]

<G =GP +1Gy = Py(€((0,5,6™))| < 2K |moclq”

ij

For the case that i, j ¢ X, noticing that distge (b, j) > 2r, we decompose the set
E as E = E,U E}, where E} and E} are defined in (3.117). By (3.118), for any
(z,y) € E, Py(&(y,5,6™)) = 0 and thus |G™|,; < 2K|my|q". Then the same

argument as above implies
A(T T r
G~ 71 < Klmdlg

This finishes the proof of the stability of G, O

3.6.3. Proof of (3.101). We again follow the structure described below (3.71), except
that no localization step is required to prove (3.101).
Starting point. Under both conditions given for (3.101), we have |G | M /+«/Nn by

the definition of ~ as in Section 3.4.1. By the resolvent identity (3.108), we therefore
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have

/\(T
(3.119) G

M 1 .
< v 2 161G

(x,y)GE

where E is as in (3.111). Notice that if 4, are in different S-cells, then for any
(x,y) € E, either 4,z are in different S-cells, or v, j are in different S-cells. Similarly
if j € Sy and @ £ S, for some ¢, then for any (x,y) € E, either ]Gg)] < M/+/Nn,
or the vertices y, j are in different S-cells. The claim (3.100) follows by analyzing
(3.119) as an inequality for these Gg)

Green’s function estimates. We first collect some estimates on Green’s functions of
G™ and G(T), which are repeatedly used in the proof: for (z,y) € E asin (3.111),
(3.120)

;

2|mel, (all x),

T
G < Klmylq,  (distgem (i, z) > 2r),

(M /V/Nn, (i,z are in different S-cells; or ¢ % the S-cell containing ).

2[mgel, (all y),
2K’m50|qrv (diStQ(T) (ya j) > 2T)7
These estimates follow from (3.99)—(3.100), together with (2.15) for the bound for all

z,y, and with P, (&,(i,2,G™)) = 0 for distgm (i,2) > 2r; and P,;(&(y, J, GM)) =0
for distgr (y, j) = 2r. The last bound in (3.120) holds by the definition of ~.

Proof of (3.101), case (i). We verify (3.101) in the case that i, j are in different S-

cells. Denote

A(T
[':=max max |G§j)|,
t17£t2 lGStl,]GSt2
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and now abbreviate by [---] the terms in the sum in (3.119) including the 1/v/d — 1
prefactor. We divide the set E according to their relations to the cells S;, and S;, as
E:E1UEQU53UE4UE5, where

Ey={(z,y) €S, : distgen (4, ) < 2r},

Ey={(z,y) €Sy, : distgem (2, ) > 2r},

53 - {(ZL’, y) € St2 : diStg(T> (y7]) < 2T}7

E4 = {(l’, y) € StQ : diStg(T)(y>j> > 2T}7

EE) = {(x,y) € Sh UStQ}'

For (z,y) € Ey, |E;| < 2w from (3.49), i.e. [{k € [1,v] : dist(i,by) < 2r}| < w, and
]C;'g)] < T, by the definition of I". Thus, by (3.120),

Z[. ] < —4w‘m“|r.

. d—1
Ey
For (z,y) € Ey, |Ey| < 2w from (3.62), i.e. |S;,N{b1,...,b,}| <w'. Thus, by (3.120),

Z[] o 2KW |mg.|q'T
- d—1

Ey
For (x,y) € Es3, | Es| < 2w from (3.49), and by (3.120)-(3.121),
- h VN +Vd—-1

E3

For (z,y) € Ey, | E4| < 2w’ from (3.62), and distgem (y, J) = distgem (y, j) > 2r. Thus,
by (3.120)(3.121),

Z[ < M 4AKW' |mg|q"
- S VN o Jd—1

Ey
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Finally, for (z,y) € Es, we use |Es| < 2v < 4(d — 1) and |GSP| < I' which holds
by the definition of I'. Thus, by (3.120),

4(d — 1) MT
Z[...] < T/

Es

Combining the sums over Ey, ..., Es in (3.119) leads to

M (dw|mse| + 2K |mge|lq") T
VAl I-1
N (dwmge| + 4K W |mgclq™) M N 4M(d — 1)1/21
d—1 vVNn oy '

By taking the maximum over ¢, j as in the assumption and rearranging the inequality,

A(T
(RIS

we get
(3.122) I <2M/+/Nn,
provided that v/d — 1 > 20w, w'q" < 1 and /N7n > M(d — 1)L, 0

Proof of (3.101), case (ii). For j € S; and i o S;, we now decompose the set E
according to their relations to vertex i and the cell S, as E = E| U E,UE, U E}, U E.,
with

By = {(br o), (cbi) 0 o4 by, by, € Si},

E_;é = {(bk7 Ck), (Ck7 bk‘) R bka diStg(WD (27 bk) < 2T7 bk Q St}7

E:é = {(bk, Ck), (Ck, bk) T~ bk, diStg('Jr) (Z, bk) > 27’, bk ¢ St},

Ey = { (b, ci), (cr, br) = be € Sy, distgen (by, ) < 27,

EL = {(b, cx), (ci, b) : by € Sy, distgen (b, ) > 2r}.
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For (z,y) € B, |Ef| < 2v < 4(d — 1), and by (3.122), |G'7| < 2M//N7, since

y, j are in different S-cells. Thus, combining with (3.120),

oM 1

By

For (z,y) € Eb, y,j are in different S-cells. We have: |E}| < 2w from (3.49), i.e
{k € [1,v] : dist(i,b) < 2r} < w, and |G )| < 2M/+/N7 by (3.122). Thus, by
(3.120),

8w|mse| M
2 =y

Ej
For (z,y) € E}, y,j are in different S-cells. We have: |Ej| < 2w’ from (3.61), and
GV < 2M/y/N7j by (3.122). Thus, by (3.120),

S ¢ ST
VAT

For (z,y) € E}, | E}| < 2w from (3.49), and (3.120)~(3.121),
dw|mge| M

Ml e

A
For (z,y) € EL, |EL| < 2w from (3.62), and distgen (y, j) = distgm (y, j) = 2r, since

in the graph G™ | b, and ¢, are adjacent. Thus, combining with (3.120)—(3.121),

S ¢ ST
VAT

]
ES

Therefore, (3.119) can be bounded by

A(T)| M ( 12w|me| M N 8Kw'q" ' M N 8M2(d — 1)z+1/2) _ oM
7 \/d—]_\/NT] N/NT] ]\[77 ~ /—Nnv

given that v/d — 1 > 20w, w'q" < 1 and v/Nn > M(d — 1)1, O
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3.6.4. Proof of (3.102). As in previous arguments, we follow the structure described
below (3.71).
Localization. The switching vertices that are not on the boundary of T after switch-
ing are given by {a1,...,a,,b1,...,b,}. From Section 3.4.1, we recall the partition
{I,Iy,...,L,} of this set. (Thus the I; are the connected components of the Green’s
function graph R, with all connected components containing any of the vertices a;
joined to I;.) The close vertices X; U Xy and the larger subgraph Gy are defined by
(3.123)

go = Bgr({al,...,au,bl,...,by},g(T)>, Xl = BQT<H17Q(T))7 Xz = BQT(HQU"'U]IH,Q(T)).

By our construction of S-cells and S'-cells, it follows that X; = S§; = S| and X, =
UrLS; = UYLS!. By our conventions, the deficit function of the graph Gy is the
restriction of that on G™. We define the graph Go by removing edges {b;, ¢; }i<, from
Go and Gy by adding edges {a;,b;}ic, to Go. The graphs Go and G, are given the

restricted deficit functions from (™ and G(™ respectively. We abbreviate
G =TE(Gy), Gi1=TEG), P=G(G), G =TE(G), P=G(G).

Notice that the graph G, is obtained by removing the edges {b;, ¢; }i<, from G;, and
that the graph C;l is obtained by adding the edges {b;,a;}i<, to Gl. We use the

following fact throughout this section.

Claim 3.28. If (3.50) and (3.51) hold, then each connected component of Gy contains

at most 10w elements in {a1,...,a,,b1,...,b,}, i.e.
(3.124) {ie[l,p]:a;, € K} + [{i€[1,v]: b € K} < 10w,

where K is the vertex set of any connected component of Go.

Proof. (3.124) is a consequence of Propositions 3.15 and 3.16. More precisely, if a; €

Korb; € Kforsomei € [1, u]\(B,UBy), then Kis disjoint from {as, as, ..., a,, b1, ba, . ..

b\
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{ai,b;}. Therefore |{i € [1,u] : a; € K}| + |{i € [1,v] : b; € K}| < 2|B, UBy| <
10w. U

Verification of assumptions in Proposition 2.7. By assumption G = Ts(G) € Q. Since
ﬁo and Gy can be viewed as subgraphs of G and G respectively, the radius-R neigh-
borhoods of them have excess at most w. Moreover, the same argument as in Section
3.6.2 implies that the sum of the deficit functions on each connected component of Go
and that of Gy are bounded by 8w. Therefore the assumptions for (2.14) are verified
for both graphs Gy and Gy. Thus (2.12)-(2.14) hold for P and P, and as in (3.107),
we can use P instead of P(E,(i, j,G™)) and P instead of P(E,(i, j,G™)).

Starting point. The proof is similar to that of (3.100). By the resolvent identity (B.1),

we have
(3.125) GO _ 6™ = GOAGD,
(3.126) P P=PAP.

where A =37 (€pa;, + €arp,)/Vd — 1. Taking difference of (3.125) and (3.126), we

have

(3.127)

~ ~ N A 1 N A ~ ~

GM_p, = (GP-P,)+ Y (G -Po)Pt———= > G Py;)
1) ) 1 ) /71 1T yJ /— Yar

d 1 (z,y)€E (z,y)€E
where the sums are over the ordered pairs
(3.128) (z,y) € E = {(a1,b1), ..., (ay,b,), (b1, a1), ..., (b, a,)}.

We regard (3.127) as an equation for G™ — P and will show that G — P is small,
using that G — P is small by (3.100).
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Green’s function estimates. We collect some estimates on Green’s function, which are

repeatedly used in the proof:

(G331 1Pl | Pyl < 2lmel, (all 4, ),

G0

(3.129) G| < 2K|m.lq", (distgm (i, §) > 2r),

\|CA¥1(EI€)| ]G(T | <2M/\/Nn, (i,by are in different S-cells; or i o by)

1CL

The first estimate follows from (2.15) and (3.100); the second estimate follows from
Py (&,(i,5,6™)) = 0 and (3.100); the last estimate is from (3.101).

Proof of (3.102) fori,j € X; UX,. For the second term on the right-hand side of
(3.127), it follows from (3.100) that |G" — Py | < 2K |mielq” + 223 mye|q" 1. More-
over, again P =0 if y and j are in different connected components of Go. Thus, by
Claim 3.28, we have P,; # 0 for at most 10w vertices y € {a; : i € [1,u]} U {b;i :i €
[1,2]}, and for these we again have |P,;| < 2|m.| by (3.129). Altogether, the second
term on the right-hand of (3.127) is bounded by

1 A
T 2 16D = PullPyl < 200K + 25 gm.lJg

(z.y)€E

To estimate the last term in (3.127), we denote

. ~(T) . D ~(T)
['; := max |Pw Gl = max |P; -Gyl
1,7€X1 1€X2,7€X1UX2

Our goal is to prove that
(3.130) [, Ty < 24K%|my.|q".

In the following, we first derive an estimate for I'y. We assume that ¢ € S; for some

t#1, and j € X; UX,. We decompose the set E (as in (3.128)) according to their
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relations to the S-cell S;: E = El U Eg U 1773, where

Er={(z,y): v ¢ Si},
E, = {(z,y) : x € Sy, distgm (1, ) < 2r},

Es={(z,y):z € Si, distgen (i, ) = 2r}.

Notice that for any (z,y) € E, by the definition of 'y, I'y, we always have |f~’yj—é$)| <
max{l;,T,}. For (z,y) € E;, we have |Ey| < 2v < 4(d — 1)L, Since i,z are in
different S-cells, by (3.129),

) D] max 4(d — 1)L 2M
Z[ ] \/— Z G | {FlaFQ}\ \/m \/]\/v—77

Ey (zy)€EL

max{I'y, [}

For (z,y) € Es, we have |E,| < 2w by (3.30) and (3.49). Thus, by (3.129),

dw|my|

Z[ < \/— Z g)‘max{rl,rz}<\/djmax{Fl,FQ}.

—

Es :E y GEQ

For (z,y) € E3, we have | B3| <« from (3.62), and combined with (3.129),

1 . 2K W' |mge|lq”
Z[ . ] g \/dTl Z ’Ggg)’maX{Fl,Fg} < %max{rl,f‘g}.

E3 (z,y)€E3
Combining the sums over El, Eg, Eg, for i € Xy and j € X; UXy, (3.127) leads to

N 8(w+1)
vd—1

given /Nnp > M(d — 1)1, /d—1 > 20w and w'q" < 1. Moreover, taking the

|G Pyj| < (20wq + 1)(2K + 2%73¢) |m.|q" max{['y, 2},

maximum over all ¢ € Xy and 7 € X; U Xy, we get

8(w+1)

3.131 Iy < (20wq + 1) (2K + 2239 |mg|q” + —==

max{rl, FQ}
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Next, we estimate I';. To this end, we decompose the set £ (asin (3.128)) according
to the cases in (3.129) as E = E| U E, U E} U E}, where
E, = {(z,y) : x € Xy, distgm (i, 2) < 2r},
Eé ={(z,y) : z,y € Xy, distgm (i, z) > 2r},
Ey={(z,y):zeX,ye Xy, distgm (4, x) > 2r},
By ={(z,y) v € X},

For (z,y) € EY, |Ef| < 2w from (3.30) and (3.49). |B,; — G\ < max{D';, Ty} by the
definition of I'y,T'y. Therefore, by (3.129),

1 A 4 sc
Z[ : ] < d— 1 Z ‘G,EE)‘ maX{Fl,FQ} g MmaX{FI,FQ}.

EY (z,y)EF]

For (z,y) € E}, |E})| < 2w from (3.62), and |P,; — G(T)] < I'y from the definition of
Ty, Thus, by (3.129),

1

Eé (a:,y)eEé

For (z,y) € Ej, we have |E}| < 2v < 4(d — 1), and |P,; — é(yqu)| < I’y from the
definition of I'y. Thus, by (3.129),

Z[ 1< \/— Z S)H‘Q < 8K(d— 1) g+,

% (z y)GE’

For (z,y) € E}, we have |E}| < v < 2(d—1)"*", and |P,; —@g” < max{I';,I'y} from
the definition of I'y, I's. Thus, by (3.129),

1 A(T) 4(d —

] < GO +Ty) € e —

Z[ ] \/m Z | iT |( 1 2) d— 1\/N_77

E} (z,y)eE),

1)£+1

maX{Fl, FQ}
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Using r = 2¢ + 1, and combining the above estimates in (3.127), we obtain that, for
all 4,7 € Xy,

~ 8(w+1) 4w + 4
GV — B < (20wg + 1)(2K + 2%3¢) mielq” + —etT —|—<8K+ )r,

given v/Nn > M(d — 1)**! and w'q" < 1. Taking the maximum over the left-hand

side, we have

8w+1) dw +4
3.132) Ty < (20wq + 1) (2K + 2%T3¢)Img.|q" + ——T +(8K+ )F.

Finally, the claim (3.130) follows by combining (3.131) and (3.132), provided that
Vd —1 = max{(w+1)?22710 28(w+1)K}. Therefore for any i, j € X; UXy, we have

(3.133)
IGYD — Py(&:(6, 5, DN < (GD — P)yy| + By — Py (E,(i, §, GD)))|

v

< 24K2|msc|qr + 22w+3|m80|qr+1 < (24K2 + 1) |mselq”,

which implies the bound stated in (3.102). O

Proof of (3.102) for the remaining case. For i ¢ X; U Xy and j € X; UX,, first note
that &.(4, , G ) = &.(i, 5, G™) and that both graphs have the same deficit function.
To prove (3.102), we will show that |GZ-;T) - Gij | is small. To this end, we start from
the resolvent identity (3.125), which states that

(3.134) [elmyels |\\/_ S IGNGS)

acy)EE

By the definition of the sets X;, Xy, for any (z,y) € E, we have distgm (4, 2) > 2r
and |G )| < 2K |my|q” by (3.129). We simply decompose the set E (as in (3.128))
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according to their distance to the vertex j as E=FEU E}, where

El — {(Ivy) : diSthT) (yaj) < 27"},

EQ ={(z,y) : distg(qr) (y,7) = 2r}.

For (z,y) € EI, we have |E}| < 10w by (3.124) in Claim 3.28. Moreover, |C~¥£)| <
1P, (E(y, 3, G| + (24K2 + 1)|msc|q” < 2|mse| by (3.133). Thus, combining with
(3.129), we have

Z[ ] <A0Kw|myg|qg

Ey
where here [---] denotes the terms in the sum in (3.134). For (z,y) € E,, we
have |Ey| < 2v < 2(d — 1), and |G~—’g)| < (24K% + 1)|mg.|g” by (3.133), since
P,i(&E(y, 7, G(T))) = 0. Thus, combining with (3.129),

2(d _ 1)€+1

D 1] < 2K (4K 4 1) |mae|*¢™ ——

Ep
Combining the sums over EI, EQ, we get

|2 2r2(d — ]')K—H

Vd—1

provided that v/d — 1 > 20w. Similarly, in the case i,j ¢ X; U Xy, we have

~(T A(T r r
G — G| < 40Kwg'™! 4 2K (24K2 + 1) |m, < 10063 mye|q",

2(d — 1)+

GHEEHIES —

> IGNIGY) < 2K (24K%41) | [2¢*

zy)EE

1
< 100K |my|q".
Vd—1
(

Therefore, for i ¢ X; UX; and j € X; UX;y or 4,5 ¢ X; UXy, we obtain

G — Py(&:(6, 5, G| < |G — GD| + |G — By(&. (i, §. GD)))

)

< 100K | mgelq” + 2K |mye|q” < 27K |malq’

This completes the proof of (3.102). O
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3.7. Improved decay in the switched graph. In the graph G = Ts(G), the edge

boundary dg7T and the vertex boundary 07 of T are given by
(3135) 8ET: {(llaél)a(l27&2)7~-7<lu7du)}7 I:= 87-: {&17&27"'7&M}7

where the vertices a; = ¢; with i € [1, ] are those that get switched, and the vertices
a; = a; with i € [v + 1, u] are those for which the switching does not take place. Here
recall from Remark 3.14 that we assume without loss of generality that the index set
of admissible switchings is Wg = [1,v] C [1, u].

The result of this section is the following proposition, showing that (i) between
most vertices in I the Green’s function is small; (ii) for any vertex not in I, the
Green’s function between it and most vertices in I is also small. This decay asserted
by the proposition is better than that between the boundary vertices of 7 which we
assumed in the unswitched graph. This improvement is crucial for the subsequent

sections, in particular for the derivation of the self-consistent equation.

Proposition 3.29. Under the same assumptions as in Proposition 3.26, let S € F(G)
(as in Section 3.6.1) and assume that G = Ts(G) € Q (as in Section 3.1.2). Then

there exists J C [1,v] with |J| > v — W' — 6w such that, for any k € J,

(3.136) G| < 22K g |g® ifi=a; for some j € [1,u] \ J,
(3.137) G| < 22K |my|¢¥ 2 if i =a; for some j € J\ {k},
(3.138) \égj\ < 2P K%\my|g® ™ if i ot b and distge (4, ax) = 2r,

provided that /d — 1 > max{(w+1)?22+10 28(w+ 1)K}, w'q" < 1 and /Nng*> 2 >
M.

The proposition uses the randomness of the resampling via the properties of the
Green’s function that are encoded by the S'-cells. Indeed, recall that if ¢, was a

random index, independent of G™ and 4, then the size of the right-hand sides would
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be of order 1/v/Nn < |ms.|¢* ™ by the Ward identity (B.6). The remainder of this

section is devoted to the proof of the proposition.

3.7.1. Preliminaries. To prove Proposition 3.29, we use the same setup as in the
proof of (3.102). Thus, from (3.123) and the paragraph below, recall the sets X, Xy
and the graphs Gy, Go, Go, and that the set X; UX, is contained in Gy (the vertex set
of Go). We also recall the S'-cells defined in Section 3.4.1.

We will prove Proposition 3.29 with the set J C [1,r] given by the set of indices

k € [1,v] such that the following conditions hold:

(i) by, cx € Xy (i.e. the S-cell containing by and ¢y, is not S);
(ii) Br(ck, G™M) is a tree;

(iii) the S'-cell S’ containing by and ¢ is not S} (as implied by (i)) and satisfies
(3.139)  distgen (S, {am : m € [1, u] \ {k}} U {bp, cm - m € [1,0] \ {k}}) > R/4.

By the assumption S € F(G), and using the definition of F'(G) given in Section 3.6.1,
note that (3.52) and (3.63) hold. (3.52) implies that condition (ii) in the definition of
J is true for all k& € [1,v] with at most w exceptions. (3.63) implies condition (i), and
further that condition (iii) is true for all k € [1,r] with at most w’ 4 5w exceptions.
It follows that

|J| =2 v —w — 6w,

as asserted in the statement of Proposition 3.29. With this definition of J, to prove
Proposition 3.29, we now follow the structure described below (3.71) (without the
localization step, which is not required here).

Starting point. For the remainder of this section, we fix k € J and denote the S'-cell
containing ¢; by S’. Notice that, by the definition of J, the S’-cell §' is not S/, and
that it is equal to the S-cell containing c¢;. For any ¢ arising in the statement of

Proposition 3.29, we either have ¢ € I, in which case 7 and ¢ are in different S-cells
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(by definition of J, the S-cell of ¢, does not contain any a,;), or otherwise i o by.
Noticing that by and ¢, are in the same S-cell, in both cases, the estimate (3.101) with
j = ¢, holds. Therefore, since the graph G is given by adding the edges {ai,bi}icy

to G, by the resolvent formula (B.1), we have

(3.140)

~(T) A 2M
G(T G(T - E ' G(T) G(T) § : G(’Jl‘
| 1Ck | 1Ck \/dTl B YCr /_ / ka

(z,y)eE (zy)eE

where the summation is over the ordered pairs

(3.141) (z,y) € E ={(a1,b1), ..., (ay,b,), (b1, a1), ..., (b, a,)}.

By our assumption on 7, the first term on the right-hand side of (3.140) is smaller
than the right-hand sides of (3.136)—(3.138), so we only need to estimate the sum on
the right-hand side of (3.140).

Green’s function estimates. To estimate the sum on the right-hand side of (3.140),
we use the following estimates on Green’s functions, which hold for (z,y) € E:
(3.142)

(

2|mee| (all z),

(T
G < 2K [muelg” (distye (i, 2) > 20),

| 2M /v/Nn (i and x are in different S-cells, or i o¢ the S-cell containing z),

2|me| (all y),

27K3|msc|qr (diStg*mr)(y, Ck) P> 27")‘

The last bound in (3.142) holds by (3.101). The remaining estimates follow from
Propositions 3.26, together with (2.15) for the bound for all z, y; with Py, (€, (i, 2, G™)) =
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0 for for the bound for distge) (i,2) > 2r; and with Py, (E-(y, cx, GM)) = 0 for the
bound for distgm (v, cx) = 2r.

Distance estimates. Since the estimates (3.142)—(3.143) depend on distances, we need
some estimates on distances in the graphs G™ and G(™. These are summarized in

the following lemma.

Lemma 3.30. Let k € J and S be the S'-cell that contains c,. Then the following

estimates hold.

(i) In the graph G, the vertex cy, is far away from {ay, ... LAy by, by
(3.144) distgem (ck, {a1, ..., au, b1, ..., b,}) > 2r.
(ii) If distger (¢, S) > 2r, then
(3.145) distger (7, ar) = distgen (7, ar) = 2r.
(i4i) If i € Xy and distge (4,ax) > 2r, then
(3.146) distgen (i,S)) > 2r.

Notice also that, by the definition of J, we have {m € [1,v] : b,, € '} = {k}.

Proof. To prove (i), it follows from (3.139) from the definition of J that
distge (cr, {am :m € [1, p] \ {k} U{bm :m € [1,v] \ {k}}} > R/4 > 2r.

It remains to prove distg (¢, {ak, br}} > 2r. Given any geodesic in G from ¢ to
{ak, by}, we distinguish two cases. In the first case that the geodesic contains any
of the edges {am, b }m<y, the condition (3.139) which holds by the definition of J,
implies that its length is larger than 2r. In the second case that the geodesic contains

none of the edges {a, by }m<y, it a path on the graph G,
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Therefore, to prove (i), it suffices to show that (3.144) holds with the graph G(™
replaced by Gm. By the condition by, ¢ € X, and since by, ¢, are adjacent in G,

it follows from Lemma 3.19 that distge (b, ax) > 87, and therefore that
distgr (e, ar) = distge (e, ar) > 8r > 2r.

Moreover, since ¢; has radius-R tree neighborhood in G, and since in G the edge

{by, cx} is removed compared to G we have
diStg(T)<bk, ck) > R > 2r.

This completes the proof of (3.144) with G replaced by G (M. and thus the proof of
(i).

For (i), since a; and b, € S’ are adjacent in the graph G(¥ we have
diStgum(i, ak) = distg(qr)(i, S/) —12=2r.

The first inequality in (3.145) is trivial since ¢M c g,
To prove (iii), note that any geodesic from i to §' in G either contains ay, or
does not contain the edge {ay, by }. In the first case that the geodesic contains ay, its

length is at least 1+ distgm (7, ax) > 27, as desired. In the second case,
dlStg"(’]I‘) (Z, S/) 2 dlSt§<T)\{ak,bk}(X1 U XQ \ S/, S/) - dlStg(']I‘) (Xl U XQ \ S/, S,) > 4T,

where the first inequality holds since i € X; U Xy \ S/, and the last inequality
follows from the definition of the S-cells and Lemma 3.19. Recall that the graph
G is obtained from G by adding the edges {am, b }m<, and removing the edges
{bm, ¢m }m<y- And by the definition of the set J, we know {by, ¢y} C S and {by,, ¢, :
m € [1,v] \ {k}} € X; UX,\ S’ Therefore, the graph G \ {ay, b} and G are
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different only on the subgraphs induced on S’ and X; UX, \ §', and the equality in

the above equation holds. O

The proof of Proposition 3.29 essentially follows from the heuristic described in
Remark 77?7, which can be made rigorous by combining the estimates on the Green’s
function of (3.142)—(3.143) with those on the distances stated in Lemma 3.30. This

requires a division into a number of cases and is done carefully below.

3.7.2. Proof of (3.136). Let

(3.147) I'y := max {|ég€)| :1 € X, such that distgem) (i,S") > 27“} :

(3.148) T, := max {|é§f,j| i€Xyandid S’} .

Thus I'; is the maximal size of the Green’s function between ¢, and vertices in X;
which is away from S, and I'; is the maximal size of the Green’s function between ¢,

and vertices in Xy which is in different S’-cells from ¢;,.
Proposition 3.31.
(3.149) max{['y, o} < 2°K*mg.|¢* ™,

provided that /d — 1 > max{(w+1)?22+10 28(w+ 1)K}, w'q" < 1 and /Nng*> 2 >
M.

Given Proposition 3.31, the claim (3.136) is an immediate consequence.

Proof of (3.136). It suffices to show that the left-hand side of (3.136) is bounded by
max{I'1, s}, First, if i € Xy, then i = ¢ for some | # k, and by the definition of
J, then ¢, ¢ §'. Thus the left-hand sides of (3.136) is bounded by I's. Second, if
1 € Xy, then either ¢ = a; or i = ¢; for some [ # k. In either case, by the definition of
J, distgen (4,S") > R/4 —2r > 2r. Thus the left-hand side of (3.136) is bounded by
I'. U
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Proof of Proposition 3.31. We first derive a bound for I';. Let ¢ obey the conditions in
the definition of I’y in (3.147). We divide the sum over the set E in (3.140) according
to the cases in (3.142)—(3.143) as E = E, U --- U E5, where

Ey = {(ax, b},

Ey = {(br, an)},

Es = {(b,a) : 1 # k, b € X5},

Ey = {(a;,b) : 1 # k, b € X5},

Es = {(ai,by), (b, @) : 1 # k, b € Xy }.

For (ax,by) € El, we have distgm (i, ar) = 2r by (3.145) and distg) (b, cx) = 21 by
(3.144). Thus, by (3.142)(3.143),

Z[ )< (2K|msc‘qr)(27K3‘msclq”)'
- h d—1
£y
For (by,ax) € Eg, we have b, € Xy and ¢ € Xy, which implies ¢z and b, are in different
S-cells. Thus, by (3.142)—(3.143),

Z[ ] 2M  2|m,| _ dqM
o S VNnVd—1 Ny

For (b, a;) € Ej, we again have that ¢ and b, are in different S-cells (since b, € X,) and
distgee (a1, cx) = 2r by (3.144). Thus, by (3.142)—(3.143) and | Es| < pn < 2(d — 1),

Z[ . ] < %29[(3&1_ 1)€+1qr+1.

Ey
For (a;,b;) € Ey, there are at most w1 indices I such that distgm (4, a;) < distgen (7, ar) <

2r by (3.30), and at most |Ey| < g < 2(d— 1) indices such that distgm (i, ar) = 2r.
Moreover, we have b; € Xy and also b, € §' by the definition of J. Thus, by (3.142)
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and the definition of Iy,

For (z,y) € E5, there are at most 10w pairs (x,y) € E5 such that distgem (i, 2) < 2r
by (3.54) in Proposition 3.16, at most 2w’ pairs such that distgm (i,2) > 2r since
Xy N {by,...,b,} < by (3.62). Thus, by (3.142) and |C~¥?(,2| <

E:P”y<(meMEi+2w@KV%Af>F1
h Vd—1 Vd—1 '

—

5

Combining the sums over El, e E5, and taking the maximum over ¢ obeying the
conditions in the definition of I'; in (3.147), we get

(3.150)

I < (2+4¢+2°K?) £+28K4|msc|q2r+1+(20wq+4Kw’qT+1)F1+(2(w+1)q+4K)F2.

VINT
To bound I'y, let ¢ € X, be as in the definition of I'y. Let S” be the S'-cell

containing i, and notice that §' # §”|§| from the definition of I'y. We now divide

E = E/U---UE)} where

(3.151) El={(z,y):z € X},
(3.152) Ey={(b,a):b €S} = {(bp, an)},
(3.153) Ey = {(bi,a) : b €S"},
(3.154) Ef = {(b,a;) : b € Xy \ (S'US")}.

For (z,y) € E}, i and z are in different S-cells (since # € X, and i € X,) and

distgen (y, ) > 2r by (3.144). Since |E}| < 2u < 4(d — 1)

041 2M 2TK3|mye|q"

By
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For (by,ar) € Eé, i and by are in different S-cells since i € §” and b, € S’ by

assumption. Moreover, we have distgr) (ax, cx) > 2r by (3.144). Thus

Z[ ] < 2M 27K3|msc|qT
= S VNn Jd—1
For (b, a;) € E}, there are at most 5w indices [ such that distgem (7, b) < 27 by (3.54)
in Proposition 3.16, and at most |E}| < [{l € [1,1] : by € §"} < ' 4 5w indices
such that distgm (i, 0;) > 2r by (3.63). Moreover, |é§?2k\ < Iy (since distgen (ar, ') >
R/4 — 2r > 2r by the definition of J). Thus

dII< (5w el | (4 5w)—2K|msc|qr> Iy
= ANV Vd—1 '
3

For (b, a;) € Ej, i and b, are in different S-cells; a; and ¢; are in different S-cells

(since q; € S} and ¢, € §); there are at most |E}| < pu < 2(d — 1) terms. Thus

2M T
g 2d -1 L
I i v e
4
Combining the sums over EZ, cee EZ, and taking the maximum over i obeying the

conditions in the definition of I'y, we get
(3.155)

M
Dy < (24 29K + 28 3¢ M) ——+ (qu + 2K (W' + 5w)q T +
( o

In summary, in (3.150) and (3.155), we have shown that

4<d o 1)Z+1/2M r
v N7 b

F1<a+bI’1+cF2, F2<O+€F1,

where a, b, ¢, 0, ¢ are explicit constants given in (3.150) and (3.155). By plugging the

second estimate into the first one, noticing b + ce < 1, and using the explicit values
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of a,b, ¢, 0, ¢, it follows that
I < (a4+e0)/(1—(b+ce)) <2°K*my|¢™ ™, [y <0+ el < 22K my|g*

provided that v/d — 1 > max{(w+1)?2%19 28(w+1)K}, w'q" < 1 and v/ Nng*+2 >
M. 0

3.7.3. Proofs of (3.138) and (3.137).

Proof of (3.138). To bound the left-hand side of (3.138), consider first the case
that + € X; UXy: (i) if 4 € X; and distge (4,ar) > 2r, it follows by (3.146) that
distgr (i,S’) > 2r. Thus the left-hand side of (3.138) is bounded by I'y; (i) if i € Xy
and @ 70 by, then ¢ ¢ §', and the left-hand side of (3.138) is bounded by I'y. Therefore
(3.138) follows from Proposition 3.31.

For the remaining case i ¢ X; U Xy and ¢ o0 by, we bound the sum over E in
(3.140). By the definition of X; and Xo, distgem (4, {a1,...,au,b1,...,b,}) > 2r,
and therefore also in G < ¢M. Thus (3.142) implies |C¥§3)| < 2K |my|q" for all
xe€{ay,...,a,, by, ... b}

For (z,y) = (ak,b), (b, ax), we have distger (y,cr) > 2r by (3.144), and thus
IGSE | < 27 K3|mu|q” by (3.143). The remaining y # ag, by, satisfy either the condition
in (3.147) or in (3.148). Therefore |G | < max{I'y, T} < Ty, and there are at most
211 < 2d(d — 1)¢ such terms.

In summary, we have shown

2M

L < g + 2K mecla™™ o+ (2K q™)(2d(d = D)D) < 22K mclg™
provided that \/Nn > Mq=?"~2, where we used r = 2/ + 1. U

Proof of (3.137). It remains to estimate éggk for j € J\ {k}. As previously, we
denote by S’ the S'-cell containing ¢, and now denote by S” the S'-cell containing c;.

The estimates in Lemma 3.30 on distances from ¢; also apply with ¢, replaced by c;.
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Similarly to the bound of I', we use formula (3.140) and devide E as E = E,U- - -UE},

where

Ey={(z,y) sz € X1,2 # ar},

Ey = {(ax, bx)},

By ={(bi,a)) : by € S’} = {(bg, ax)},

Ey={(b,a): b €8} ={(b),a,)},

Es = {(by,a)) : b € X5\ (S'US")}.
Notice that for any = € {a1,...,a,,b1,...,b,}\{b;}, by the definition of J, z, ¢; are in
different S-cells, and thus |GAgg);| < 2M/+/Nn by (3.142). Moreover, by the definition
of J, for any y € {am, by, : m € [1,] \ {k}}, we have distsm (y,S") > R/4 —2r > 2r

and thus y satisfies the condition either in (3.147) or in (3.148). It follows that

IGSE | < max{Ty, T2} < Ty. For (z,y) € Ey. Since |Ey| < 2u < 4(d— 1), it follows

that
o1 2M T
D i, v

By
For (z,y) = (ar, b)) € Ey,. By (3.144), distger (bx, ck) > 2r, and thus |C~¥((E():k| <

2TK3|my.|q".

Z[ ]< 2M 27K3‘msc|qT
S VN Jd—1

For (z,y) = (by,a;) € Es. By (3.144), distgm (ax, ck) > 2r, and thus |C~¥9,£)ck <

By

27K3|msc|qT.

Z[ ]< 2M 27K3‘msc|qr
= S VN Jd—1

3
For (z,y) = (bj,a;) € Ey, by (3.144) with ¢, replaced by ¢;, we have the distance
estimates

distgem (cj, {ar, .-, au, b1, ..., b} > 2r.
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In particular, distgm (cj,b5) > distgm(cj,b;) > 2r, and |G,grgj < 2K|mg.|q" by
(3.142). Thus

2K sc "
Z[...]gﬂpl_
- d—1

Ey

For (x,y) € Es, since |Es| < pn < 2(d — 1)+, it follows that

VN Vd -1

Yl <2d-1)

Es

The above discussion combined with (3.149) leads to the estimate

~ M
|Gg{2k| < (2 4 29K3q7“+1 4+ 12(d . 1)Z+1/2F1) + 2Kq7'+1F1 < 212K5‘m50|q3r+2’

VN7

provided that v/Nng>*+2 > M. O
3.8. Stability estimate for the switched graph.

Proposition 3.32. Under the assumptions of Propositions 3.26, for S € F(G) (as
in Section 3.6.1) such that G = Ts(G) € Q (as in Section 3.1.2), the Green’s function

of the switched graph satisfies the weak stability estimate that for all i,j € [N],

(3.156) |Gis(2)] < |Gy5(2)| < 2.

Moreover, the off-diagonal entries of the Green’s function satisfy the following im-

proved estimates around vertex 1. For all vertices x € [2, N],

(3.157) Gz — Pa(&:(1,2,6))| < (w4 1)2%THEK3 my|¢ .

For all estimates, we assume that /d — 1 > max{(w+1)?22%10 28(w+1)K}, w?¢ <
1 and /Nng>+? > M.

3.8.1. Preparation of the proof. Asin (3.135), we denote by JgT the boundary edges
of T in the switched graph G, and the corresponding boundary vertex set by I =

{ay,as,...,a,}. Let J be the index set of Proposition 3.29. Throughout the following
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proof, C' represents constants that may differ from line to line, but depends only on
the constant K of (3.99) and the excess w. As in previous proofs, we follow the
structure described below (3.71).

Localization. To prove Proposition 3.47, we replace P;;(&, (i, j, Q)) by a vertex inde-
pendent Green’s function Pj; according to Remark 2.8, applied with Gy = B, (1, C;)
and X = B,,(1,G). We abbreviate

G =TE(G), P=0G(G), 6" =TEG"), P =a(G"),

Notice that QTT) is the same as removing the vertices T from Q~1, and thus P =

G (Q1) .

Claim 3.33. Let k € J (as in Section 3.7.1), and let K be the connected component

of Go containing ay, = cx. Then

(3.158) {m e [L, 4] : @, € K} = {k},
and
(3.159) max distger (7, ax) < 3r.

Proof. (3.158) follows from the condition (3.139) in the definition of J, i.e. from
distger (ak, {am : m € [1, p] \ {k}}) > R/4 > 6r. (3.159) follows from (3.158) and the

construction of the subgraph Go. O

Verification of assumptions in Proposition 2.7. As subgraphs of G, both G, and GST)
have excess at most w. The deficit function g of G, vanishes. By Proposition 3.10, on
each connected components of QN(()T), the deficit function obeys > g(v) < w+ 1 < 8w.

Thus the assumptions for (2.14) are verified for both graphs Go and QST), and we have
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(2.16):

(3.160) Py(&(i,4,6)) - Py

Py(&:(i,5.6™)) — PP | < 223 |m ¢+

Y

for i,j € X, provided that v/d — 1 > 2+%2,
Starting point. The normalized adjacency matrices of G and G, respectively have the
block form

H B H B

B D| | B D
where H is the normalized adjacency matrix for 7, and B (respectively Bl) corre-
sponds to the edges from I to T,, where I is the set of boundary vertices of 7 in
the switched graph G as defined in (3.135), and T, is the inner vertex boundary of
T as in (3.47). To be precise, the nonzero entries of B and B; occur for the indices
(i,7) € I x Ty and take values 1/+/d — 1. Notice that B;; = (B)),;; in the rest of this
section we will therefore not distinguish B and B.

By the Schur Complement formula (B.3), we have

(3.161) Glr=(H—z—-BGYB)™,

(3.162) Plp=(H —z— BPDB),

and, by the resolvent identity (B.1), the difference of (3.161) and (3.162) is

(3163)  CGlo— Pl = (G — PYB(G™ — POYEP + PB(GD — pPOYBP.

In terms of the random walk heuristic described in Section 77, (3.163) has the
interpretation that only walks that exit T contribute (see Figure 11). We will adopt
suggestive terminology corresponding to the random walk picture below. By Propo-

sition 3.29, the Green’s function G is small between most vertices in I. This is the
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FIGURE 11. Only walks that exit T contribute to (3.163).

main reason that the right-hand side of (3.163) is small. In the following, we analyze

the various contributions precisely.

3.8.2. Boundary. The following lemma estimates the weight of “walks” from x € T to
T, the inner vertex boundary of 7. It depends on the distance of x to the boundary,

or equivalently that from z to 1.

Lemma 3.34. Assume that C;o has excess at most w. For vertices x € Ty,, i.e. x s

at distance {1 from vertex 1, we have
(3.164) Z |plkx‘ < (w + 1)2w+3<€l + 1)‘msclé—€1+l<d _ 1)(6—61)/24—1.
kel1,u]

For vertices x € Ty, andy € Ty,, with €1 > {5, we have

(w+ 1)22%276 (0 — £y + 2)
(d _ 1)(61—52)/2—1

(3.165) Y 1PllPyl <

kel1,u]

|msc|2€7€1 7@24»2.

The proof of the lemma uses the following combinatorial estimate on the distances

of a vertex = to T, (which is the inner vertex boundary of 7).

Lemma 3.35. Assume that the graph QNO = Bs.(1,G) has excess at most w. Given

x € Ty, let L, be the multiset consisting of 2(w + 1)(d — 1) copies of the number
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q“ T2 for 03 € [0,44], and let K, be the multiset K, = {qdiStgo(x’i) 21 € Ty}. Then
the k-th largest number of K, is smaller than or equal to the k-th largest number of

L,.

We postpone the proof of the lemma to Appendix A.3. Given the lemma, the proof

of Lemma 3.34 is completed as follows.

Proof of Lemma 3.34. To prove (3.164), we use

Z |plkx‘ < (d — 1) Z ‘Pm’ g 2w+2(d . 1)‘msc‘ quistgo(x,i)’

k‘ElIl,,u,]] €Ty €Ty
by Proposition 2.7. Defining the multiset L, as in Lemma 3.35, the inequality con-
tinuous with

01
2w+2(d o 1)|msc‘ Z qdlStg'O(xﬂ) < 2w+2(d . 1>|msc|(2w + 2) Z(d - 1)Z—€3q5+€1—2€3

i€Ty l3=0

< (w0 D230 4 Dm0 (d — 1),

This finishes the proof of (3.164).

For the proof of (3.165), we use

Z |plka]51ky‘ < (d _ 1) Z ‘PmHRy‘ < 22w+4’msc‘2(d _ 1) ZqdiStgo(x’i)qdiStéo(y7i)'
ke[[l,,u]] i€Ty €Ty

We define the multisets L, and L, as in Lemma 3.35. More precisely, L, consists of

2(w+ 1)(d — 1)*~% copies of ¢“*172% for (5 € [0,4,], and L, consists of 2(w + 1)(d —
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1)“* copies of ¢*™27%5 for (5 € [0, (]. By the rearrangement inequality, we have

Z qdistgo (z,3) qdistgo (y9)

€Ty
ZQ gl
g 4((&) + 1)2 (Z(d - 1)@—(3q€+51—2£3qé+€2—253 + Z (d _ 1)Z—f3qé+f1—2f3qf—€2>
£3=0 l3=lo+1

4(0.) + 1)2(€1 — 62 + 2)
= (d—1)tr—t2)/2

|msc|2€—f1—42.
This finishes the proof of (3.165). O

Remark 3.36. In the worst case, when x = 1, we have
(3.166) > Pyl < (w4 129 [ (d — 1)
ke[l,u]
Moreover, when x,y € Ty, , we have
(3.167) D 1Bl Pyl < (w+ 1722 Ty [ 72042(d — 1),
ke[l,u]

These special cases will be used below.

3.8.3. Outside T. The following proposition shows that the weight of “walks” outside

T is small. It essentially follows from Proposition 3.29.

Proposition 3.37. Under the assumptions of Proposition 3.32, for any vertex j €
[NJT\ T such that distg(1, j) < 2r, we have

(3.168) Y IGE) — B < Cwlmuclg”
ke[1,u]
Moreover, for any vertex j € [N]\ T such that dists(1,j) > 2r, we have

(3.169) > IGE < Cwlmeelg,
ke[l,u]
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and

(3.170) Yo GGk, — P | < Culmld
k#me[l,u]
where the constants C depend only on the excess w and K (from Proposition 3.20).

For all estimates, we assume v/d — 1 > max{(w + 1)?2%719 28(w + 1)K}, w'q" < 1

and /Nng*+2 > M.

Claim 3.38. Let j € [N]\ T be as in the statement of Proposition 3.37. Then

(3171) ’{k S [[1, I/H : distg(qr) (], Clk) < R/4}’ < bw,
(3.172) {k € [1,v] : distgem (J, ar) < R/2} <w + 1.
Proof. The first claim follows from (3.54). The second one follows from (3.30) by con-

sidering the graph G, since by our assumption G € Q, the R-neighborhood Bg(1, Q)

has excess at most w. ]

Proof of Proposition 3.37. Recall the index set J C [1,v] defined previously in Sec-
tion 3.7.1. To prove (3.168), we decompose [1, u] according to the relations between
{ag, bg, e} and vertex j as [1, u] = J; U Jo, where

Jl :{k €J .] 76 bka diSt(j’(T) (j7ak> P 2T7 and diSt(_j(T) (.]7 ak) P R/2}7

Jo =[1, u] \ J1.
By the defining relation (3.103) of F'(G) and Proposition 3.29, we have |J| > v —w'—

6w > p — w' — 9w. Combining with (3.171), (3.172) and (3.61), which states that

Hke[l,v]:j~bp} <w', we get

|J1] = p— 20 — 15w, || < 20" + 15w.
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Bounding by the total number of terms, we also have |.J;| < p < 2(d — 1)**!. Now,
for k € Ji, we have a; = ¢, and the conditions for (3.138) are satisfied. Moreover, for
k € Ji, we have distgm (G, j) > R/2, and therefore by (3.159) the vertices a; and j

are in different connected components of QO ; it follows that |P&k j\ = 0. Therefore,

by (3.138),

(3.173)
STIGE), = PO =TGR < 2(d — 1) (22K mge g ) < 2B KO mylq
keJy keJy

For k € J,, by (3.102) and (3.160),
(3.174) D UG — P < (2w + 16w) (27K + 2273 g) Ime g
ke

Then (3.168) follows by combining (3.173) and (3.174).
For (3.169), again, we split the sum over J; and over Jy as above. For k € Ji,

similarly to (3.168), we have

(3.175) Z \Gaw| < 2(d — )12 K5 m g2+ < 2B K my|q.
keJi

For k € Jy, we note that distg(ax, j) > distg(1, j) — distg(1,ax) = 2r — £ > r, so that

P, (& (ax, 5,6™)) = 0. Therefore, by (3.102), we have
(3.176) D TIGE < (2w + 15w)27 K3 |m| g
keJ2

Again (3.169) follows by combining (3.175) and (3.176).

For (3.170), we split the sum over

{k#me [[LH]]} ={k#m € Hlaﬂﬂ\J}U{ke [[LM]]\J’mG J}

UkeJme[l,p]\ J}U{k#me J}.
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Since |[1, pu] \ J| < &’ + 9w, for k # m € [1,u] \ J, by Proposition 3.26 and (3.160),

S G, — BT < (W 9w)?(2TKD 4 223 g
k#me[1,u]\J

For k € [1,u]\ J,m € J, by (3.158) a, and a,, are in different connected components

5(T)
of G/, and thus |Paka | = 0. By (3.136),

SooIG - PO 1= Y 1G] <+ w)2(d — 1) (2K m )
ke[1,u]\JmeJ ke[1,u]\JmeJ

(W' + 9w) 2 K4 mye|q"

The same estimate holds for k € J,m € [1, u]\ J. For k # m € J, the same reasoning

as above gives P =, By (3.137) and noticing that |J] < pu < 2(d — 1)L, we

apam

have

Z |é((11,£21m _ Ng{%m‘ — Z |é£)am| < A(d — 1) K |7 < 29 KO m|q
kAme] kAmeJ

Now (3.170) follows by combining the above four cases. O

3.8.4. Proof of (3.157). The proof of (3.157) follows essentially from (3.163) and the

fact the difference of G and P™ is small (Proposition 3.26).

Claim 3.39. For allxz € T,
|G1o = Pral < (w+ 122K mylq”.
Moreover, for x € T\ {1}, we have the stronger estimate

(3.177) |Gha — Pra| < (w0 + 122K mg g
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Proof. Let I'1 = max et ]Glx — 1511\- Then the first term on the right-hand side of
(3.163) is bounded by

(3.178)
(G = P)B'(G™ — PMYBP),,| < B ||
kE[[l ] me 1,4]
[ (Cuw'q™th) . 1
S ——F—— Z |Pl xl (Cw/ r+ )((w + 1)2w+3|msc|£+1(d_ 1)(g+1)/2)
1/d —_ 1 m
me[l,u]
< Ow/‘msc|q€+1f‘l’

where we used (3.168) and (3.166). Next we bound the second term on the right-hand

side of (3.163). For, say x € Ty,, we have

(3.179)
(PB(G™ = PD)BP)| < —— ) P JIGS%, — P Pral
kG[[l |
1 T |15
tom D PG, — Bia, 1Bl
k#me[1,u]
By (2.12) and (2.15), for any k,m € [1, u],
(3180) |Pllk| 2w+2|msc|q ) |lew‘ 2|msc|

We can estimate the first term in (3.179) in the following way:

1 D 1PulIGes, — ol 1Pusl 2P T 2TES 4 22t Y TRy
ke[[l ] kell.u]

< (W 122750 + 1)(27K? 4 227%3¢) g4



118
where in the first inequality we used (3.180), (3.102) and (3.160), in the second

inequality we used estimate (3.164). For the second term in (3.179), we have

1 ~(T)
ﬁ Z |PllkHGakam - PékamH lml"

k#me[1,u]

< 2w+2q£+1 Z ‘é@l _ pM 1(2¢) < Cw’2 r+€+2

agam, apam,
k#me[1,u]

where we used (3.170) and (3.180). It follows that

(3.181)
|élx . p1x| < Owl|msc|q6+11—\1 + (W+ 1)22w+5(€1 + 1)(27K3 +22w+3q)q7‘+£1 + Ow/2 'r‘—i-f-i—?

By taking the maximum over x € T and rearranging it, we have I'y < (w+1)2%TBK3|m,.|q",
provided that w?¢* < 1 and vd —1 > (w -+ 1)222+10,
For (3.177), it follows from (3.181), the estimate of I'; and ¢; > 1,

|Gz — Pra| < CW/' ¢ 4 (w + 1)22F6 (2T K3 4 2283 ) 7+ 4 Qg +i+2

(3.182)
< (w + 1)22w+6(27K3 + 1>q7“—|—17
provided that w?¢* < 1 and vVd — 1 > (w + 1)222+10, 0

Proof of (3.157). For x € T \ {1}, the estimate (3.157) follows from (3.182) and
(3.160):

élx - Plx(gr(lyxa g))’ g )élaf - 15132 + Pl:c(gr<1ax7g~)) - plx

< (w + 1)22w+6(27K3 + 1)qr+1 + 22w+3|msc|qr+1 < (w + 1)22w+14K3|msc|qr+1

Thus it only remains to prove (3.157) for x ¢ T.
For = € By,(1,G) \ T, we have by the Schur complement formula (B.4):

G = -GBG™, P=—PBPY,
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Therefore, by taking the difference of these two equations,
(3.183)
G — Pro| <

— > Gl =Gl + —— > 1Gu — PPzl
ke[[l | ke[[l 1]
For the first term in (3.183), notice that by combining (3.180) and (3.177), we have
(3.184) |G| < |G, — Pug| + | Pry | < 2973 |mielg’

The first term in (3.183) is bounded by

Z (T a L
— ¥ GulP -G < oot 3 (PR - Gl < culg

ke[1,u] ke[1,u]

where we used (3.168). For the second term in (3.183), since G € Q, its radius-R
neighborhood of vertex 1 has excess at most w. By (3.30) there are at most w + 1
indices k € [1, u], such that @y is in the same connected component as « in the graph
Go. Thus, P( ) are zero for all k € [1, u] except for at most w + 1 of them, and they
are bounded ‘Pdkx‘ < 2|myg| by (2.15).

1
> (G — PulI PRI < (@ + 1°2 K g+,

where we used (3.177). Combining the arguments above, they lead to
|élx Plx’ <25K3‘msc‘qr+1 + Cw’ r+€+1

given that v/d — 1 > (w+1)222710. The estimate (3.157) for # € By, (1,G)\T follows,
provided w”?¢’ < 1.
For z ¢ By,(1,G), we have

(3.185)

~ 1 w r r
Gl € i 3 (GG <27 Y |G < Culy T <
ke[1,u] ke[1,u]
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where we used (3.184) and (3.169). This finishes the proof of (3.157). O

3.8.5. Proof of (3.156).

Proof of (3.156). For 2,y € T, we denote I' = max, yer{|Gsy — Pry|}. Then, by the

Schur complement formula (3.163),
(3.186)

|Gy = Poy| < |((G = P)B'(GY — PD)BP)y, |+ |(PB(GT — PP)BP),,|.

The estimate of the first term follows the same argument as that for (3.178):

(G = P)B'(G = PT)BP),,| < Cu'|my|¢™'T <T/2.

For the second term, similarly, we have

. e
(PB/(GD — PO)BP),,
1 7 ~(T T) 1 - T)
d—1 Z |lek||Gék) — PékakH lky| + d__l Z |lekHGékC~lm PakamH lmy’
Felle] k#me[Lp]

C’msc|qr ~ ~ ~ (T .

ST 2 PPyl + (o YD 1GL, — Bl | < CwPlmuld
ke[L,pu] k#£me[l,u]

where we bounded |P,y, |, |P,,,,| < C|m..| and used the estimates (3.102), (3.167) and
(3.170). Therefore, by taking supremum of both sides of (3.186) and rearranging, we
have I' < Cw?|my.|q".

For z € T and y € By, (1,G) \ T, the same argument as for (3.183) implies:

Gy = Py < o= 3 |GanlIPos = Gopnl+ —— D 1Gas, — P I P32,
ke[[l u] ke[[l ]
< COq Z |P(T H—Cwa r+1 Z \P T) Cwl2\msc|qr+1
kel1,u] kel1,u]

where we bounded |G, | < C|my.|, and used the estimate (3.168), the bound for I

and the fact that for all k£ € [1, u] with at most w + 1 exceptions, ~55sz are zero.
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For z € T and y ¢ Bo, (1, Q), similarly, we have:

‘éxy| < \/— Z |G$lkHGaky C(] Z |Gaky Cw |m80’qr+1

ke[1,u] ke[1,u]

where we bounded |Gy, | < C|my.| and used the estimate (3.169).

For z,y € By.(1,G)/T, we have the Schur complement formula (B.3):

G =G + GDBGB'G™

By taking the difference,

G- P=G® _ p® 4 (GO — pOYBGBGD

+PMB(G - PYB'GD + POBPE(GD — PO,

Notice that |G5y — P < Clmaelq”, |G| < Clmiel, [Py, | < Clmse| and |Gy, —

plklm < Cw|my.|q”, we have
T) C|msc‘
Gy = Poy | S Clmacld” + Y- |Gy — Pl 1GL) |
k,me[1,u]
(3.187) Colm 8 O| |
W mge|q” (T m ~(T
Y PRl G DD PR IGE ), — Pl
kme[l,u] k,me[l,u]
The following estimates follow from Proposition 3.37:
T)
SPGN DT I1GE) < Clma,
ke[1,u] me[1,u]
S 1GE - PR ST G, - P < Culmulg
ke[1,u] me[l,u]

Therefore (3.187) simplifies to

|G$y - ﬂcy| Cw'2|msc|q .
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Finally, for z ¢ By, (1,G) or y & By, (1,G), by symmetry we assume z & By, (1,G), we

have

U 1
|(G(T)BGB/G(T))xy’ <ﬂ Z ‘GxakHlelm‘Gamy

kme[l,u]

Clm
< ¥ e G| < cutmodg,

k,me[l,u]

where we used (3.169), thus,
|G:vy - G | < CW ’m80|qr+2

Altogether we proved that

Gij — Py(E:(1,5,9))| < Clmyelwq” < ¢,
provided that w?q® < 1. The weak stability estimates (3.197) follows by combining
with (2.15). This finishes the proof of (3.156). O

3.9. Concentration in the switched graph. The result of this section is the fol-
lowing proposition, which shows that the average of the Green’s function of G over
the vertex boundary of T concentrates under resampling of the edge boundary of T.
This part is where the condition that the edge boundary contains > log N edges is
important.

More precisely, recall the vertex boundary I = {a;,as,...,a,} of 7 in G from
(3.135). For any finite graph H (not necessarily regular and not necessary on N

vertices), we define
1 i
(3.188) QH.2) =55 > C)l(H.2).
(i,j)€EE
where E denotes the set of oriented edges of H, and G (7, z) the Green’s function of

the graph obtained from H by removing the vertex i. Notice that we always normalize
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(3.188) by Nd, irregardless of the actual number of oriented edges in ‘H (which can
be smaller than Nd).

Proposition 3.40. Sets QO (z,£) and Q are as defined in Section 3.1.2. Let z € C,
and G € Q7 (2,0). Then there exists an event F'(G) C F(G) (as in Section 3.6.1) with
probability Pg(F'(G)) = 1 — o( N~“*%) such that for any S € F'(G) with Ts(G) € Q,

(3.189)

L (66~ Pl . 07) = (Q(0) = )| < 200
k=1

\//—1/ ?

provided that v/d — 1 > max{(w+1)22219 28(w+ 1)K}, w?¢* < 1 and /Nng*+% >
M.

~

To prove Proposition 3.40, in Lemma 3.42, we first show a similar statement for
the unswitched graph G(™ in which the problem becomes a concentration problem
of independent random variables. Then we prove Proposition 3.40 by comparision,
using the estimates of Proposition 3.26, and the fact that the change from Q(Q ,Z) to
Q(G™, 2) is small (Lemma 3.43). Proposition 3.26 is applicable since, by the defini-
tion of set Q (2,¢) in Section 3.1, any graph G € Qf (2, () satisfies the assumptions
in Proposition 3.26 with K = 210,

The following proposition is used repeatedly in this section. It follows from exactly

the same argument as Proposition 3.22, and we therefore omit the proof.

Lemma 3.41. Given z € C,, a constant K' > 2, and G € Q. Let H be one of the

graphs G, GM G or G, and suppose that
(3190) |Gl](H7 Z) - Pij(gr(iaja}t)a Z)| < K,|msc‘qr-
Then, for any vertices i,7j in H', we have

(3191) |GZ](H(J:)’ Z) - PZ](‘S’T(Z?])H(J:))’ Z)| < 2K,|msc|qr7
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provided that v/d —1 > (w + 1)22%719 Here all graphs have deficit function g =
d — deg, and we recall that H® is the graph obtained from H by removing the vertex

x.

3.9.1. Estimate for the unswitched graph. The next lemma shows concentration of a

certain average of the Green’s function in the unswitched graph.

Lemma 3.42. For any z € C, and G € QF (2,(), we define the set F'(G) C F(G)
(as in Section 3.6.1) such that

(3.192)

Ly (log N2+ |m,|g"
- Ggmcjk) - Pckck 57’ c 7C ) g(Tbk) - Q g(T) — Mye < = .

Then Pg(F'(G)) = 1 — o(N~w%9).
Proof. Let
Xip =G — P (Exlek, cr, G™)), ke [1, .

Conditioned on the graph G(T, the random sets 51, §2, cee 51 are independent and
identically distributed, and thus X, Xy, ..., X, arei.i.d random variables. By Lemma 3.41

and the assumption that G € Qf (z,¢), for any k € [1, u], we have
|Xk| < 2K|msc|qra

where K = 21°. By Azuma’s inequality for independent random variables, it therefore

follows that

(3.193) Pg ( N

1 l’l/
= Xk — E[Xy]
K k=1

2 2Kt|msc’qr> < 6_t2/2.

In the following, we still need to estimate E[X}]|. Let E be the set of oriented edges

of GM. By definition, T is the ¢ neighborhood of the vertex 1, and by the trivial
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bound it intersects at most d + d(d — 1) + -+ + d(d — 1)* < 2(d — 1)*** edges.
Thus Nd — 4(d — 1)*! < |E| < Nd. Using that, by Lemma 3.41, we also have

G — Py(&,(i,5,G™)| < 2K |mu|q”, it follows that
== 2 G = Pu&(0,i.6")
| (’Lj VeE
8K |me|q"(d — 1)+t
(Tj)
-1 3 G - Pue i, g™ 0, (KLt
(4,9) EE
1 , 8K
- My _ — » i i.G(T9)
(3.194) Q(G") Nd( ) EPZZ(&(z,Z,Q )) + O« (N )
ij)e

Moreover, since by assumption G € €2, all except for at most N° vertices have radius-

R tree neighborhoods in G, and therefore

[{i € [1, N[\ T : B,(i,G™) is not a d-regular tree}|
< |{i € [1,N] : B,(i,G) is not a tree}| + [{i € [1, N] : distg(i, T) < r}|

<N +2(d — 1) < 2N°.

For the vertices 7 contained in the set on the left-hand side, we have the bound
|Pi(E:(i, 1, GT))| < 2|m| from (2.13). For the other vertices 7, whose r-neighborhood

in G(M is a d-regular tree, we have the equality P;(&,.(,i,G™))) = m,.. Therefore

1 .
w2 PilE(ii,GT)) =my + O<(BNT1).

(i,j)eE

(3.195)

Combining (3.194), (3.195), and taking ¢ = (log N)'/?*9/(4K) in (3.193), we get

(l

ZX g(T ) > 2Kt|msc|qr i 10 < e*(lOgN)1+2‘s/(32K2)
sc = \/ﬁ N1_6 X .
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Since N~ < (log N)'/2*0|m.|q" / /R, it follows that (3.192) holds with overwhelm-

ing probability, and we can define F'(G) C F(G) as claimed with probability
Po(F(G)) > Bo(F(G) — e~ 187 _ 1 _ (-4

where we used (3.104). This completes the proof. O

3.9.2. Changing Q(G™) to Q(G). The next lemma shows that we can replace Q(G(™)
by Q(G) up to a small error. It follows from the general insensitivity of the quantity

() to small changes of the graph.

Lemma 3.43. For z € Cy, G € Qf (2,0) and S € F(G) with Ts(G) € Q, we have

2042
(3.19) Q(6™.2) - Q(G,2) < 5 —

provided that v/d — 1 > max{(w+1)222719 28(w+ 1)K}, w?¢* < 1 and /Nng*+% >
M.

The proof of Lemma 3.43 uses Lemma 3.44 below, which is a direct consequence

of the Ward identity (B.6).

Lemma 3.44. Given a graph G with degree bounded by d. We denote by E the set
of oriented edges of G, by H its normalized adjacency matriz, and by G = (H — z)™*

its Green’s function. Then, if for some z € C4 and any (i,7) € E, it holds that
(3.197) |G (2)] < 1Gy5(2) < 2,

then for any vertex x € G,

(3.199) > 16261 <

(i.j)€E
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Proof. By the Schur complement formula (B.5) and the Ward identity (B.6), we

obtain
GG |2 GG |2
G2 G, — 270z 2G| + 2| e
> = Y w90 < 3 2l ra| %
(i.)€E (i.5)€E (i.j)€EE
4dIm|G ., 8d
<4 Y (Gl <4 dogg()]Guf? < Gl B
(i,j)eE i g g
as claimed. ]
We will prove Lemma 3.43 in two steps, by proving
(3.199) QD) - QED) < 2 1QE™) - QIE™)| < -
2Nn’ 2Nn’
and
5 B 34d2€+2
(3.200) Q6T ~ Ol < =,

Then (3.196) follows by combining (3.199) and (3.200), and using that p < 2(d—1)+.

In preparation, we recall from Proposition 3.32 that, for all vertices i, j € [N],
(3.201) |Gij(2)] < 1Gy(2)] < 2.

Proof of (3.199). The proofs of both estimates in (3.199) are analogous, and we only
prove the first one. Denote by E the set of oriented edges of ¢™M. and by A =
Sy (ebpep + €ep.)/V/d — 1 the difference of the normalized adjacency matrices of
the graphs G™ and G(™. Then by the resolvent formula (B.1),

Z ’GTJ) Z Z ’G(TJA GTJ‘

(i.j)€E Y (ij)€E
1/2

16d
g%awy DCRUL PRTellc <= rljf

(i,5)€E (i,5)€E
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where we used (3.198) (and that both graphs G(™ and G satisfy condition (3.197)
by the definition of Qf (z,¢) and (3.100)). Therefore,

(3.202)
5 (Tex) (T (T
Q™) - Q™| < 17 S0 16 + G+ o 3 16 - 6
kel,v] (i,j)€E
dv|me,| 16dpu du
< + < )
Nd | Ngvd—1 " 2Ny

where in the estimate of the first term, we used ]G£T§:)| G| < 2|mi| which

follows from combining (3.11), Lemma 3.41, and (2.13). O

Proof of (3.200). The normalized adjacency matrices of G takes the block form

H B

B D
where H is the normalized adjacency matrix for 7, and B corresponds to the edges
from I to Ty, where I is the set of boundary vertices of 7 in the switched graph G as

defined in (3.135). We denote by E the set of oriented edges of G. By the Schur

complement formula (B.3), we have

Yo lE -Gl < = Y > Ieg)an el

(i.j)€E kmE[[l K (i,5)eE
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It follows from (3.201) and (B.5) that |lel | < 4. Therefore the above expression is

bounded by
Z |GE;E]) - G Z Z |Gmk amz
(i.4)€E k melLy] (i5)eE
1/2
4 2
< d_ 1 Z Z ‘Gzak | Z ‘Gaml
kmellu] \(i,j)cE (i,j)€E

32du? 32d%+2
< < ;
n(d—1) n

where we used (3.198) (since G satisfies condition (3.197) thanks to the definition
of Qf (2,¢) and (3.102)). Therefore, we have

(3.203)
. - 1 ,
My _ < () ()
QEM - <y D IGP+G NleG -Gyl
{i,j} incident to T (i,j)€E
16(d _ 1)€+1 3942¢+2 34d2¢+2
< + < )
Nd Nn Nn
where for the first term we used \G )|, |G )| <4 from (3.201) and (B.5) . O

3.9.3. Adding of switched vertices. Recall the index set J C [1,v] from Proposi-

tion 3.29. In this subsection, we show that the following lemma.

Lemma 3.45. For z € C,, G € Qf(2,£) and S € F(G) with Ts(G) € Q, for any

k € J, we have

'[Fb Tb 2r
(3.204) GO — GU| < 164
and
(3.205) G = G| < 20K Imy| g™,
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where K = 219, For both estimates, we assume v/d — 1 > max{(w + 1)222 110 28(,y +
1)K}, W'q" < 1 and /Nng*" > M.

To prove Lemma 3.45 we need the estimates summarized in the following lemma.

Lemma 3.46. Let z € C,, G € Qf (2,0), and S € F(G) with Ts(G) € Q. Then for

any index k € J, the vertex ¢y, is far away from {a1, ..., a,,b1,...,b,}:

(3.206)

diSté(T)(Ck, {al, ey bl, ey b,,}) = distg(m(ck, {al, sy Qpy bl, R ,by}) > 2r.
Moreover, for any x € {a1,...,a,,b1,...,b,},

(3.207) |GS:B| < 2K|mgclq”, |G 27K3|msc|q ) |él()1,fl))k| > [mse| /2,

ckz|

where K = 2 and we assume that v/d —1 > max{(w + 1)22%+10 28(y + 1)K},
"< 1 and /Nn > M(d— 1)L

Proof. (3.206) is (3.144). The first two estimates in (3.207) follow from (3.206) and
K = 2" in Proposition 3.26. The last estimate in (3.207) follows by taking K = 2!°
in Proposition 3.26 and (2.13). O

Proof of Lemma 3.45. Notice that for G € Qf (2, /), the assumptions in Proposition
3.26 hold for K = 2'° By the resolvent identity (B.1),

GEa =GR < Z GE A IGIE
where A =37 1 14} (€cmbn + €bpe,)/Vd — 1. By our choice of the index set J,
{bk,cx} and {by,, ¢, - m € [1,v] \ {k}} are in different S-cells. Thus G |G(T)| <
2M/+/Nn by (3.101). Therefore, using (B.5), and notice |Gbkb |G6kb |, we get

A(T) A(T)
cpbr ~ bpx

~(T)
biby,

AM
G < IGD] +

Cckx

3\
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The same estimate holds for |Gyck Thus the second term is bounded by

- oM \?
S IGEAIGE] < At - 0 () < 16

provided that /N7 > Mq=*"/2. Similarly, now setting A = 3" (€ar.om +Ebman)/Vd — 1,
by the resolvent identity (B.1) and (B.5), we have

(3.208)
A 10,60
bby

For the last term in (3.208), by (3.207), |G(T | < 2K|mg|q" and |G(b1rbk| > |mse|/2,

and therefore

A(T) A(T) r

Gckkabkck (QK‘msc‘q )2 _ 2 2r
T = 8K*|mg|q™".
Gbkbk [Mse| /2

For the sum on the right-hand side of (3.208), we can split it into two,
D IGONAIGE | = 1G 1A IGE + > 1GDIIAL 1G]
Ty (z,y)#(bk,ax)

Again, we have |G| < 2M//N7, for & € {by, : m € IL,v]\{k}}U{an : m € [1,v]}.
Combining with (3.207), it follows that

(2K [mselq") (27K mise| ") R G D
d—1 VN1 d—1

< 2K mige|g?,

(3.205) < (27K mielq") + 8K |mge|g®

provided that \/Nng*" > M. O

3.9.4. Proof of Proposition 3.40. Finally, using the previous lemmas, we can proof

Proposition 3.40.
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Proof of Proposition 3.40. For k € J, the r-neighborhood of ¢ is a d-regular tree
with root degree d — 1 in any of the graphs G(T») G(T) and GM ; therefore, by
(2.11),

Prer (& (cry e, G™)) = Prpy <€r (ck,ck, Q(Tbk)» = Pryey (c‘/’r (ck,ck,gm» = M.

On the other hand, for the indices k € [1,u] \ J, by (3.11), Proposition 3.26, and
Lemma 3.41, using that for G € Qf (2, /), the assumption of Proposition 3.26 holds

with K = 2'°, we have

‘GQSZ - PCka (87” (Ck7 Ck; g(Tbk)))‘ < QK‘mSC‘qT,
(3.200) ‘chf’g;;) P (é} (ck,ck,Q<Tbk>>>‘ < 4K |malq,

‘Gakak - Pdk.dk (gr <dka aka G(T)>> ‘ < 27K3’msc|qr-

The above estimates (3.209) and (3.204) give

(3.210)
1< y
/7 Z (Gglc):) - Pckck (gr (Ck7 Ck, g(Tbk))>) (Gg[fg: B PCka (gr <ck’ Ch> g(Tbk)))) ‘
k=1
6K ( |<]| |msc|q Tby,) Tb
< P Z ’ngc: - Ckcllz)|
kGJ

6K (W +9 wlg” 1 N1/2+6 i

" b R
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Moreover, by the above estimates (3.209), (3.205) and using a, = ¢ for k € J, we

have
(3.211)
%kzp; (C?S,Zék — Payay (Er (&k,ak,ém))) — (ég{gg — P (gT (ck,ck, g(wbk>>>>‘

4K +2TK3) (u — |J))|meelg” 1 ~ A
< ( ) (= |J])msclg +_Z|Gf(3’]krlk —Ggg,’i)|
H H e

< (4K + 2"K3) (W' + 9w)|melq” K | < (log N)1/2+5|msc|qT.

I 4y
In the above estimates we used ¢ > 4log,_,log N by (3.5) so that /it > log N = «'.
The left-hand side of (3.189) is bounded by

2(log N)'*+0|my|q"
Vi ’
provided that v/Nng>+2 > M. O

1(3.192)] + [(3.196)] + |(3.211)] + |(3.192)] <

3.10. Improved approximation in the switched graph. The results of this sec-
tion are the following proposition, stating that the Green’s function obeys better
estimates than the original one near vertex 1. As in the previous sections, we write
G = Ts(G) and assume that S € F'(G) (as in Lemma 3.42) is such that G = Tg(G) € Q
(as in Section 3.1.2). Throughout the proof, C' represents constants depending only
on the constant K from (3.99) and the excess w, which may be different from line to

line.

Proposition 3.47. Under the assumptions of Propositions 3.26, for S € F'(G) such
that G = TsG € Q, the Green’s function of the switched graph satisfies the following

improved estimates near verter 1.
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(i) For the vertex x = 1,

(3.212)

2,,20
5 MM P

én = Pll((c:r(l, 1, Q)) + (d — 1)(Z+1) (Q(G) - msc) + Og (22“+10K3|msc|q’"+1) .

(ii) For all vertices x € [2, N],

(3.213) Gz — Pio(&,(1,2,G))| < (w+ 1)2% K3 m, |¢" .

Moreover, if the vertex 1 has radius-R tree neighborhood in the graph G, then the

following stronger estimates hold.
(i’) For the verter x =1,

ZZd

(3214) G11 =mgqg+ mdeCd 1

(QG) — ma) + O- <4<log N)”“ﬂmscw) |

d(d—1)*
(i1°) For the the average of G1o over the vertices © adjacent to 1,

(3.215)

1 - mams.  —m2Am2H1 + m?2,) ~ 16(log N)Y/20 my,|q"+?
- G T + = g - sc + O\ .
12 Vd—-1 Vd-1 (@UG) = mae) O d(d — 1)’

For all estimates we assume that v/d — 1 > max{(w+1)?2%*10 28(w+1)K}, w?¢* <
1 and /N1g*+2 > M, and the global quantity Q(G) is as defined in (3.188).

1~z

We use the same set-up as in Section 3.8, and notice that (3.213) is (3.157).

3.10.1. Proof of (3.212) and (3.214). By (3.163), we have

(3.216)
Gn - P11 = 5 Z uk é )a - Pélrak Z Gllkpllm Gga Pégm)
kE[[l u] k#me[[l i
1 .
+ R Z (Gllk Pllk)Pllk<Ga’]£ZLk - Pach)zk)

kell,p]
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For the last term on the right-hand side of (3.216), we have

|d —1 Z (Gu, — Puk)Puk(Ggak - Pakak < Z Cq 2 (Imselq”) < Clmige|q 2,
k

E[[L#H kE[[l,,LL]]
where we used (3.177) for the first factor, (3.180) for the second factor, and (3.102)

for the last factor. For the second term on the right-hand side of (3.216), we have

S GuPu, GL PO <Cld™HE@ Y IGE, — B

k#me[L,u] k#me[l,u]

< Cq2é+2 (w/2 Imsclq ) C|msc|qr+é+2

provided that w?¢® < 1, where we used (3.184) for the first factor, (3.180) for the
second factor, and (3.170) for the last factor. Therefore (3.216) is bounded by

(3217) Gll N Pll T d-1 Z ”k G(T o ~~( 2 )+ 0 (|msc|qr+€+2) )

apar apar
ke[[l |

where the implicit constant depends only on the excess w and K from (3.99).

Proof of (3.214). If the radius-R neighborhood of the vertex 1 is a tree, then by

Proposition 2.6,

_ m2m?2!
P12lk = (dd_]-s)c€7 Pll_md)
and
~ m2m§£ ~(T T .
(3:218) G —ma = ryir D (oo, = Paa) + 0 (Imicla™*2)

kell,u]

Notice that p = d(d —1)* under the assumption that the R-neighborhood is a tree.

Moreover, for all k € [1, u],

pd(zr%k - akdk (gr (&k, A, QN(T))> = Mg,
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and by Proposition 3.40, we can simplify (3.218) to get

d 4(log N2+ m, |q"
(3.219)  Gu=mq+ 7—3mimc(Q(G) - TMJ+O<<(Og ) |m|q>.

d(d— 1)

This finishes the proof of (3.214). O

Proof of (3.212). Since by assumption G € €, the radius-R neighborhood of the
vertex 1 has excess at most w. Therefore, there are at most 2w(d — 1) indices
k € [1, u] such that the non-backtracking path from 1 to l; of length ¢ is not unique.

Let
J' = {k € [1, u] : non-backtracking path from 1 to I of length ¢ is unique}.

For k € J', by (2.23) in the proof of Proposition 2.7, we have

md( msc)

Pllk - (d )5/2

3
< ‘md‘ ZQUJ}C l+k—1 22“’!md\§q”1
k>2

provided that v/d — 1 > 2972, Therefore, for all k& € J’, the following estimate holds

D2 2%
Py, B m2Am?2.

d—1 (d—1)Ht

+ Og (22w+2q25+3) 7

For k € [1,u] \ J' by (3.180), we have | Py, | < 29%2|m..|¢’. Notice that |J/| < p <
d(d —1)% and |[1, u] \ J'| < 2w(d — 1)*, it follows that

1 1
_— Z i =2 Z (...)+EZ(...),

(3.220) kE 1] ke[1,u]\J’ keJ’
<2W(d o 1)€22w+5q2£+2 + d(d o 1)€22w+2q2€+3 < 22w+2(dq + ].6&])612

20
mdm
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Combining (3.220), (3.102) and (3.160), (3.217) leads to

2
mim?%

~ 5 ~(T) (T)
G — P = m Z (Garar — Parir)
ke[l.p]
y (T
(3.221) + O« <22 "2(dg + 16w)q? i G, — P§k§k|>
mim?% AT B = = B
"~ (d-1)#D Z (G&k&k — Payay, (Er(ak, ax, G ))) + &,
ke[l,u]

where the error term is bounded

’5‘ 22w+2(dq + 16w) (27K3’msc’qr + 22w+3‘msc|qr+l) + |md’2u22w+3|msc|qr+l/(d . 1)£+1

<3 x 22K I myg gt

provided that v/d — 1 > 25w. Therefore, by Proposition 3.40, we can simplify (3.221)

to get
(3.222)

~ ~ 5 mamzp 5 2w+10 73 1

G = Pn(gr(l, 17g)) + (dT)S(C”U(Q(g) - msc) + O¢ (2 K |msc|q7"+ ) .
This finishes the proof of (3.212). O

3.10.2. Proof of (3.215).

Proof of (3.215). For any vertex = adjacent to 1, by (3.163) we have,

(3.223)
~ ~ (T (T
Glz — Pla: S Z P)lll€ xlk akzlk - Pékak Z Gllk mlm P&(k?zm)
ke[[l ] k;émé[[l u]
1 X ~ | T T)
+ T Z (Gllk - Pllk) mlk (Gl(lkzlk - Pékak)

kell,u]
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For the last term on the right-hand side of (3.223),

—1 § P T) D r T r
d -1 Z <Gllk - Pllk) s (ngak N Pakak> < +2 ! Z ‘lek| C|msc|q +[+3-
k

€[L,1] kel1,p]

where in the first inequality, we used (3.177) for the first factor, and (3.102) for the
last factor; in the second inequality, we used (3.164) for the case x € T;. For the

second term on the right-hand side of (3.223), we have

— Y GuPu (G — PR <O YT |G - P
k;éme[[l u] k#me[1,u]

< Cwmiel g < Clmgel g™,
provided that w2¢* < 1, where we used (3.170). Therefore, they together lead to

02 G P gl T P, D)0 ().
kE[[l,u]

where the implicit constant depends only on the excess w and K. Especially, if vertex

1 has radius-R neighborhood, then by Proposition 2.6

YA distg"(l',lk)
- MgMge ~ ~ Mgl —Mse ~ —Me
Po— = PO Py, = A (—1)

\/ma apag (d _ 1)2/2 ’ d —
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for any index k € [1, u]. Thus averaging (3.224) over all the vertices x adjacent to 1

(in the following, we write  ~ 1 when the vertex z is adjacent to 1), we get

L MM 1 ~(T) BT 57 PO+
E G . = E GyL — P E P P, O sc
1 \/—1 d(d _ 1) keﬂl u]]( apag akak) — 1 Ui + (’m ’q )

- M ~Mac) G p P 0] r++1
N m Z ( arpar akak Z zl, T (|m |q )
ke[1,u] z~1

20—1
—mgmZ (1 +mZ,) AT () et
d(d — 1)€+1/2 Z (G&k&k B Pakak) +0 (|msc|q )

a:~1

—m2m21 (1 +m?2)

16(10g N)1/2+5 |msc‘qr+1

= = (Q(g~> —ms.) + O (

d—1 d(d — 1)

In the third line, we used the fact that for any index k € [1, ], among the d children of
vertex 1, one of them is distance £—1 to the vertex [, and the others are distance £+1
to the vertex [j,. In the last line, we used Proposition (3.40), and |[m2m2-1(1+m?)| <

4. This finishes the proof of Proposition 3.47. U

3.11. Proof of main results. In this section, we use the estimates established in

the previous sections to prove Theorem 3.1.

3.11.1. Summary of estimates. By combining the propositions of the previous sec-

tions, we obtain the following sequence of propositions, relating the sets
QO (2,0) CQz,0) CQf (2,0) CQC Gyg, Q(z,0) CQC Gy,

defined in Section 3.1.2. We also recall the parameters from Section 3.1.1, assume

that

(3.225) et 20], r=20+1,

) |
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and (3.60), namely that
(3.226) W =llogN|, M =(d—1)%1ogN)’.

Since, for |z| > 2d — 1, the claim of Theorem 3.1 follows from Proposition 3.3, it
suffices to prove the claim of Theorem 3.1 on the following slightly smaller domain
(3.227)

1 N 48a+1
D* = {z €Cylzl<2d, Imfz] > {og WP

N . |z E2] > (logN)O‘/QH},

which is the intersection of D (as in (1.4)) with {z € C, : |z| < 2d}.

Proposition 3.48 (Initial estimates). Under the assumptions of Theorem 3.1, and
the choices of parameters given in (3.225) and (3.226), for N > N(w,d,d) large

enough, we have
(3.228) P(Q) =1 — o(N~“T).
Moreover, for any z € Cy such that |z| > 2d — 1, we have Q C Q7 (2, {).

Proof. The estimate (3.228) follows from Proposition 2.1, and the inclusion Q C
Q7 (z,¢) from Proposition 3.3. O

Given a graph G and a vertex i, we resample the edge boundary of B,(i,G) us-
ing switchings; without loss of generality we assume ¢ = 1. Denote the resampled
graph by Ts(G) (which depends on the choice of 7); S is the resampling data (whose

distribution depends on G).

Proposition 3.49 (Stability under resampling). Under the assumptions of Theorem
3.1, and the choices of parameters given in (3.225) and (3.226), for z € D*, N >
N(a,w,d,d) large enough, and any G € Q(z,£), the following holds. (i) G € Qf (z,£).
(ii) There exists a set F(G) C S(G) with Pg(F(G)) = 1 —o(N~“%%) such that for any
S € F(G) with Ts(G) € Q, we have Ts(G) € Qf (z,0).
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Proof. The first statement G € Qf (z, ) follows from Proposition 3.21, and the second

statement follows from Proposition 3.26 with K = 2. O

Proposition 3.50 (Improvement under resampling). Under the assumptions of The-
orem 3.1, and the choices of parameters given in (3.225) and (3.226), for z € D*,
N > N(a,w,d,d) large enough, and any G € Qf (z,¢), there exists a set F'(G) C S(G)
with Pg(F'(G)) = 1 —o(N~“*%) such that for any S € F'(G) with Ts(G) € Q, we have
Ts(G) € Q) (z,0).

Proof. The definition of the set F’(G) and its properties are given in Proposition 3.40.
The final statement T5(G) € Q(z,¢) follows from Propositions 3.26 and 3.47 by
taking K = 210, U

The improvement under resampling above applies to the switched graphs Ts(G).
However, by general properties of T', it implies an improvement on the original space

of graphs.

Proposition 3.51 (Improvement on original space). Under the assumptions of The-
orem 3.1, and the choices of parameters given in (3.225) and (3.226), for z € D*, we

have
(3.229) P(Q(z,0)\ (Qz,£) N (2,£))) = o( N~<H9),

Proof. By Propositions 3.48-3.50, the conditions of Proposition 3.9 are satisfied with
Q0,q1,q2 = o( N™**%) and Q as in Section 3.1, Q = Q(z,£), QF = Qf (2,¢), and

V' = Q)(z,0). Therefore, Proposition 3.9 implies
P(Q(z,0) \ (Qz,0) NQ(z,0))) = o( N~“F?),

which was the claim. O
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Clearly, by the same argument or by symmetry, (3.229) also holds with vertex 1
replaced by any other vertex ¢ € [N]. In particular, for any graph in the intersection
of the Q}(z,¢) over i € [N], we have the following improved estimates for the entries

of its Green’s function.

Proposition 3.52 (Self-consistent equation). Under the assumptions of Theorem
3.1, and the choices of parameters given in (3.225) and (3.226), for any z € D* (as
in (3.227)) and N > N(a,w,d,0) large enough, we have

d—2 5 (log N)1/2+5|msc|qr>
d—1 '

(3.230)  Q(G) — mye = ——mgm2 T (Q(G) — mye) + O < (d—1)@n

Proof. As noted above, the same statement as in Proposition 3.51 holds with vertex 1
replaced by any other vertex ¢ € [N]. On the union of the Q(z, ¢), the improvement

then holds for all ¢ simultaneously, and by a union bound

P(Q(z, £) \ Niep (2, £)) Z]P’ 2,0)\ (2, 0)) = o( N~wHIH9),

For any graph G € Nicny$%(2, £), by the definition of (2, £) (as in Section 3.1),

we have
(3.231)

w(g z) ( (Z i, g) )

MM/t . .
(@ = 1)iern (@(9) = i) + O< (2P mecl™)

and, for any j # 7, we have the bound

(3.232) Gi(G,2) — Py(&:(i,,G), 2)] < (w + 122 M mel g™
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In the following, we derive an approximate self-consistent equation for Q(G) — mse.

Using the Green’s function identity (B.5), notice that

1 (@) 1 Gi;Gij
Q(g) — Mgse = N_d(z (ij - msc) = N_d (ij - G—” — Mee

i.j)€E (i,j)€E
(3.233) - %Z (G - éjw St msc> ,
where E is the set of oriented edges of G, and where here j ~ i means that the vertices
i and j are adjacent to each other. Since G € (, at least N — N? of the vertices of
G have radius-R tree neighborhoods. The contribution to Q(G) — mg. from those
vertices which do not have radius-R tree neighborhoods is O(N°~!). For any vertex

i that has radius-R tree neighborhood, by the definition of Q(z, ¢),

(3.234)

(log N)V/ 2”|msc|q7”>

Gii —mg = m?lm T(Q(g) - mSC) + O < (d — 1)(£+1)/2

(3.235)
20—1

1 mgMse _ _m?jmsc (1 + mgc) (lOg N)1/2+5|m80‘qT+1
3 Z Gl] + \/m = \/m (Q(g) - mSC) +0 (d _ 1)(€+1)/2 ’

jri
Also, by the stability estimate Claim 3.39, for any vertex ¢ with radius-R tree
neighborhood, and vertex j adjacent to i, we have |Gy — mg4| = O(Jms|q¢") and
|Gij — mamg./v/d — 1] = O(|ms|q"), where the implicit constant depends only on w.

It follows that

(3.236)
2m2mse MgMsc mam3, mgMmsc
GijGij mams, _ Vi1 (Gij + Vi ) = =1 (Gis — ma) + ma(Gij + Vi1 )
Gii d—1 deii
2msc maMse mgc T
= — d—l(Gij—i_ d_l)—d_l(Gii_md)+O<q2)-
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Combining (3.234)—(3.236), we get

1 Gi;Gij d—2 54 log N)"/ 2+5\msc‘qT)

_ (
Gii - aj.jwi G” — Mye = ﬁmsc md(Q(g) - msc) +0 ( (d IR 1)(@+1)/2

for all vertices ¢ which have radius-R tree neighborhoods. Then averaging over i €

[N], we obtain (3.230), as claimed. O

The equation (3.230) implies

d—2 2041 - (10g N)1/2+6|m80|qr
(3.237) Q(G) —mg. = (1 — Emdms;r ) 0 (d— 1))/ ’

provided that the term in the first bracket does not vanish. To use this equation to
show that the left-hand side is small, we require a lower bound on the term in the
first bracket on the right-hand side. Since 1 — (d — 2)mgm?2:*!/(d — 1) may be zero
on the spectral domain D*, such a bound only holds on an /-dependent subset of the
spectral domain, which we now define. (In Section 3.11.2, we will use the flexibility
in the choice of ¢ € [{,,2¢,] to recover the entire spectral domain.)

First, we define the Joukowsky transform ¢ to be the holomorphic bijection from

the upper half unit disk D, to the upper half plane C, given by
¢:w€D+|—>_<w+wil) €C+

It is the functional inverse of z — mg.(z), i.e. mg.(p(w)) = w. For any ¢ € [{,,2(,]

as in (3.5), we define the small error parameter

(log N)1/2+26 .
(3238) Ep = m < (log N)l /2,

as well as the sets Ay ¢ D, and A, C C, by

(3.239)

A= {msc<z> e 1= 22 ma(e)
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Proposition 3.53 (Self-consistent equation). Under the assumptions of Theorem
3.1, and the choices of parameters given in (3.225) and (3.226), for any z € D* (as
in (3.227)) and N > N(«a,w,d, ) large enough, we have

P(Qz, 0) \ Nieg (2, £)) = o( N=+149).

Moreover, for z € D* N Ay and any G € ﬂie[[N]] Q(z,0), the normalized Green’s

function of G satisfies, for anyi,j € [N],
|Gij(G.2) = Py(E,(1,5,G), 2)| < (w+ 1)2% M me|g™,
where r = 20 + 1.

Proof. Let z € D* N A;. Then by the definition of the set A, in (3.239), we have

d—2 20+1 (log N)1/2+26

and (3.237) implies
|Q(G) —mye| =0 (|m56‘qr(10g N)—S) )

where the implicit constant depends only on w. Plugging the above expression into

(3.231), we get
Gii(G, z) = P;(&:(i,1,G), 2) + O¢ ((1 + 22w+40>|msc|qr+1) ;

for N large enough. This finishes the proof of Proposition 3.53 by combining with
(3.232). O

3.11.2. Decomposition of the spectral domain. The following lemma gives a precise
description of the sets Ay, stating that, except for two small regions near £1, the half

disk D, is contained in the union of the sets ]\g, i.e., in Uge[[g*ﬂ*]]]\g. To be precise,
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we define the spectral domains

(3.240) ={2€Cy:|2| <2d, Im[z] > (d—1)**logN/N, |z+2| >4},

(3.241) D, = D\ {w=ereD,: |0 <epl—e <r<1}.

Lemma 3.54. For any { € [(,,2(,], define Ay as in (3.239). Then D, \ Ay is

contained in

{w:eiar:0<9 gp, 1 —ep < r<1}U{w—e’”el€r <0<0,1—¢< r<1}U
¢
2
U{w—et’ﬂer 0] < ——— T 0<r<1}.
1 d(C+1)

As a consequence, for any 0y € (0,7), there exists some € € [l,,20,] such that
(3.242) Din{w=e%r:0<r<1} C A,

Proof. By the definition of the set A, its complement is

d—2 m
1— 20+1 sc < )
' d—1"" 1-m2, (d—l)‘ “t
This implies that
m? d—2 20+2
. __sc _ - = <92
' d—1 d—1 =
and therefore
2 20+2 9
3.243 1—m24?) < | L s Yy < —— 12
(3:243) | <|g2T ot < gyt

From direct computation, for any 0 < r < 1 and 0 € [, 7|, we have the following

simple estimate:

1 9 |
roVrOl e < 1)

3.244
(3.244) 5 -
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Therefore (3.243) implies

{41

kmi 21 5
mSCEH{w:€4+1€0TED+ . |6)| < m,0< 1—T2(€+1) < C_Z}

21
d(¢+1)

We have better estimates if m,. = €%r or m,. = e™elr, for some |0| < and

0 < 1— 72 < 2 TIn this case, on the complement of Ay,

1 —m?
g‘ Ssc

d—2
‘—(1—m2”2) 71 + 2¢4.

d_]. sc

Combining the above expression with (3.244), we get

d—2 (1 —r2@D 20 4+ 1)rDg| 1
<——(1—12 2¢s.
d—l( 5 + - ) d—l(l r? +2|0]) + 2e,

It follows that |#] < e, and 1 — ¢, < r < 1. This finishes the proof of the first

statement.

For the second statement, if 6y € (0, (1—2);25)U((143)=%, 7), then {z = e :

0<7<1}ND, C Ay, In the following we consider the case, 6y € [(1 — i, (1 +

%)Z*—fl]. We use the convention that (¢ mod 7) € [—7/2,7/2), for any a € R. If we

can find some ¢ € [l,,2(.], such that ((¢ + 1)0y mod 7) € [—7/2, —7/8] U [r/8,7/2),

then there exists some integer k£ such that

B 3 <o — km B T < 3
8(+1) | f+1 200+1)| S 8(l+1)

and thus {z = e®r : 0 < r < 1} € Ay. In the following we prove such ¢ exists. By

symmetry we assume 6y € [(1 — 2)

s ™

st Z]. We consider the following numbers,

(3.245) (0 + 1)8y mod 7, (£, + 2)0y mod ,..., (20, + 1)fy mod 7.

If ((i+1)0y mod ) € [—m/2, —m/8|U[n/8,7/2), then we can take ¢ = {,. Otherwise,
we assume ((¢, + 1)0p mod 7) € (—7/8,7/8). Since (20, + 1)0y — (¢ + 1)0y =

() > (1 — %)éfl > 7, the above sequence (3.245) can not all stay in the interval



148
(—m/8,7/8). Say (¢ + 1)0y mod 7 is the first number in the above sequence which
is not in (—m/8,7/8). We can take this ¢, then (¢fy mod 7) € (—n/8,7/8), and
(¢ +1)0y mod 7) € [—n/2,—3mw/8) U [r/8,m/2). This finishes the proof. O

Lemma 3.55. (i) For the choice of parameters in (3.225)—(3.226), for any z €
Dy, all of the conditions in Propositions 3.3, 3.21, 3.26 and 3.47 are satisfied
for K € {2,219} j.e.,

Vd —1 > max{(w+ 1)22%T0 28w + 1)K}, w?¢* <1, /NIm[z]¢* 2 > M.
(i) For any l € [{,,20,], we have
(3.246) D* C Dy C ¢(Dy).

Proof. 1t is straightforward to check that (i) holds. In the following, we therefore
only prove (ii). For this, notice that (d — 1)?* < (d — 1)*% < (log N)*¥, and that
in combination with (3.238), it follows that D* C D,. For the second inclusion in
(3.246), observe that, for any w = €' such that 0 < § < e and 1 — g, < r < 1, we

have

. 1
|p(w) + 2| = |0 + —— — 2| < 4ey,
err

and that we have similar estimates for w = ee'r with —g, < 0 < 0and 1 — ¢ <

r < 1. Therefore,
{z€Cy |22 >4e} C 6(Dy),

and D, C ¢(D;) follows. This finishes the proof of (3.246). O

3.11.3. Proof of Theorem 3.1. We define a lattice on D, by

- . Z 7z
L::{elerE]DLr:HE%,TEm}.
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The image of L under the Joukowsky transform defines a discrete approximation of

D* by

(3.247) L= ¢(L)NnD".

Notice that D* can indeed be well approximated by L, in the sense that for any
z € D* there is some 2/ € L such that |z — 2/| = (log N)°M /N3, Therefore, by
the following claim, we only need to prove Theorem 3.1 for z € L. The claim is a

consequence of the Lipschitz property of Green’s function.

Claim 3.56. For any ( € [(,,2(.], and z,2" € D* with |z — 2’| = (log N)°W /N3, we

have
Q7 (z,0) C Q(,0).

Proof. For any graph G € Q7 (z,¢), the Green’s function of its normalized adjacency

matrix satisfies
N
(Gij(2) = G ()] < |2 = 2 D |Gim(2) G ()] < (log N)°W /N,
m=1

where we used |z — 2/| = (log N)°W /N3, |Gy (2)] = O(1) from the definition (3.7) of
Q7 (z,0) and (2.15), as well as the trivial bound |G,,;(2")| < 1/n < N. Moreover, the
same estimate holds for |P;;(&,.(4,7,G), 2) — Pi;(E-(1,7,G), 2)|. As a result,

Gi;(2') = Py(&,:(i,5,G), 2| = |Gij(2) — Py(E:(i, 5,G), 2)| + (log N)°V /N < i,

and the claim follows. O

Claim 3.57. For any { € [(.,2(,], we have
O (2,0) CQ (z,4,),

provided that \/d — 1 > 22%%3,
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Proof. Let G € Q7 (z,¢). Then, by (2.14) in Proposition 2.7,

|G”(Z) - Pij(gr* (ivja g)v Z)|

< ‘G”(Z') - Bj(gr(i>ja g)a Z)‘ + ‘Plj(g?“* (iaja Q),z) - Pij(gr(i>jag)7 Z)‘

2042

1 1
< élmsc’qr + 5r#r*22w+3|msc‘q g §’msc’qr*7

provided that v/d — 1 > 22%3, Therefore, G € Q7 (z,/,), as claimed. O

Proof of Theorem 3.1. For any 6, € ]’;—Zg, N (0,7), the Joukowsky transform ¢ sends
the ray {w = e%r : 0 < r < 1} to a branch of some hyperbola. With 6, fixed, we

consider the set

7 0 . ko ko+1 ko+2 k1
{rem:qﬁ(e OT)G’D}:{ma N3 N3 U NB(¢

for some 0 < ky < k; < N3, and denote

i@ok
zk—gzﬁ(e > 1<k <N

N3

One can check that ko/N3 > 1/(3d), |zx,| = 2d — 1, and |z31 — 21| < 10d%/N? for
ko < k < k.

By Proposition 3.54, there exists some ¢ € [¢,, 2(,] such that D, N {el%r . 0<r<
1} C Ay. Therefore, combining with (3.246), we know that zx,, 2kg41,- - -, 2k, € Ao
By Proposition 3.48, Q C Q7 (2, ¢), and

(3.248) P(Q (21, £)) = 1 — o( N7¥T9).
For any ky < k < k1 — 1, it follows from Claim 3.56 that

(3.249) O (2, 0) C Uzpsr, 0).
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By Proposition 3.53, we have

(3:250) P(Qz41,0) \ Niepn1 (21, £)) = o( N7,
and
(3.251) e (zre1,0) € Q (214, 0),

provided that vd —1 > (w + 1)2%%5. Tt follows from combining (3.249)—(3.251)
that

(3.252) P(Q (2, £) \ Q (2141, £)) = o( N~9H1H0),
By definition, on the set ﬂZ;kOQ_(zk, (), we have
. 1 i,
(Gij(2) = Piy(&:(i.5.G): 2)| < Glmaeld’”

for any z = 2y, 2ko+1,- - -, 2k, - Moreover, combining (3.248) and (3.252), the above

holds with high probability,
(3.253)  P(NL, Q0 (21,0)) =1 — (ki — ko + 1) o(N"“F1H0) = 1 — o(N~@HH0),
Combining with Claim 3.57, the estimate (3.253) implies

PNy, 2 (21, 4)) = 1 — o N7H44),

The above argument is independent of 6, € % N (0, 7). Thus, by a union bound,

with probability at least 1 — o( N~*7+%) uniformly in z € L, we have
o 1 .
(3.254) |Gij(2) = P& (0,5, G), 2)| < glmaela™.

Since for any z € D*, there is some 2’ € L such that |z — 2/| = (log N)°M /N3, the

Lipschitz property of Green’s function, Claim 3.56, implies that the above estimate
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(3.254) holds uniformly for z € D*, with possibly a slightly larger constant:
(3255) |G1J(Z) - Bj(gf* (Z.ujv g)a Z)| < |m80|qr*‘

This is (3.2), and thus the proof of Theorem 3.1 is complete. O

4. BULK UNIVERSALITY

4.1. Strategy of proof. Our goal is to prove that, on the regime 1 < d < N%3, in
the bulk on the spectrum, the local eigenvalue statistics of A/v/d — 1 are the same as
those of the GOE. As mentioned in Section 1.2, in order to show this, we interpolate
between the RRG and the GOE using Dyson Brownian motion, or more precisely its

Ornstein-Uhlenbeck version.

4.1.1. Constrained Dyson Brownian motion. The adjacency matrix A of a regular
graph is subject to the hard constraints that its rows and columns have fixed sum (i.e.
it has the eigenvector e = N~Y/2(1,... 1)*). Therefore, instead of the usual Dyson
Brownian motion, we use Dyson Brownian motion constrained to the subspace of
symmetric matrices whose row and column sums vanish.

We begin with the notion of an Ornstein-Uhlenbeck process on a general finite-

dimensional space.

Definition 4.1. Let H be a real finite-dimensional Hilbert space. Let (£4)a be an

orthonormal basis of H.

(i) Let (wg)a be i.i.d. standard normal random variables. Then we define the
standard Gaussian measure on H as W =) w,f,.

(i1) Let (ha)a be i.i.d. Ornstein-Uhlenbeck processes satisfying

dhy = dB, — %ha dt,



153

where (By)a s a family of i.1.d. standard Brownian motions. Then we define

the standard Ornstein-Uhlenbeck process on H as H(t) := ) ha(t) f,.

It is easy to verify that the laws of W and the process H do not depend on the
choice of the orthonormal basis (f,), and that the standard Gaussian measure is
invariant under the standard Ornstein-Uhlenbeck process. We use these properties
tacitly from now on.

For example, let H := {H € R¥Y*¥ : H = H*} be the Hilbert space of real

symmetric N x N matrices with inner product
N
(4.1) (X,Y) = 5} Tr(XY).

Then the usual N-dimensional Dyson Brownian motion is the standard Ornstein-
Uhlenbeck process H(t) on H. More explicitly, H(t) is the Markov process satisfying
the SDE

1 1
——dB - -Hdt,
JN 2

where B(t) is Brownian motion on the space of N x N real symmetric matrices with

(4.2) dH =

quadratic covariation (B;;, Bi)(t) = (30 + 0udji)t.

More intrinsically, given a finite-dimensional Hilbert space V', we denote the Hilbert
space of symmetric linear maps on V' with inner product (4.1) by H(V'). Then we
define Dyson Brownian motion (DBM) on V to be the standard Ornstein-Uhlenbeck
process on H(V'). With this point of view, the usual N-dimensional DBM is the
DBM on V = R", and the constrained DBM is the DBM on V = e*. Note that the
normalization N in (4.1) does not need to agree with the dimension of V', which is
N —1 for V = et. We make the convention to always normalize the inner product
(4.1) by N, no matter the dimension of V', and always denote the dimension of V' by

M. Finally, we denote the inner product on V by v-w for v,w € V.
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Definition 4.2 (Constrained DBM and GOE). The constrained DBM is the DBM
on e, i.e. the standard Ornstein-Uhlenbeck process on H(el) with inner product

(4.1). The constrained GOE is the standard Gaussian measure on H(e’) with inner

product (4.1).

Thus, up to a change of basis, the constrained DBM is equivalent to the usual
(N — 1)-dimensional DBM, with the minor difference of normalization by N rather
than N — 1. However, since the definition of the d-regular graph is tied to the
standard basis of R it is frequently convenient to work with the constrained DBM
in the standard basis of RV,

Next, in accordance with the decomposition RY = e* @ span(e), we have a canon-

ical isomorphism H — H := H @ 0 from #(e") to the set of matrices
(4.3) M = {HeRV¥N . =H" He=0}.

Throughout this paper, we tacitly identify H and H.

We denote by C"(M) the space of functions F' : M — C with continuous bounded
derivatives up to order n. Sometimes it will be convenient to compute derivatives of
functions F' € C"(M) in directions of R¥*¥ that do not lie in M, which is made

possible by the following convention.

Definition 4.3. Let P = I — ee* be the orthogonal projection from RY onto et. We
extend any function F € C"(M) to a C"-function on RY*N through
1
H — F(§P(H+H*)P> ,
and denote this extended function also by F. Finally, for any F € CY(M) and

i,j € [1,N], we use the abbreviation 0;;F(H) = %(H).
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FiGURE 12. A simple switching is given by replacing the solid edges
by the dashed edges.

From now on, we take W to be the constrained GOE and H = H(t) to be the

constrained DBM, with initial condition

(4.4) H(0) = dl_l(A—dee*) e M.

Here A is the adjacency matrix of the random d-regular graph. In particular, the

eigenvalues of H(0) as an element of H(el) are the rescaled nontrivial eigenvalues of

A.

4.1.2. Switchings. Simple switchings are an especially convenient generating set of
M; they play a central role throughout this paper. For any 4,7k, € [1, N] we

define the simple switching 55-’ € M by

(45) ékl = Aij + Akl — Azk — Ajl where (Aij)pq = (5ip(5jq + 5iq6jp .

)

kl
g

The action of a simple switching §fjl on an adjacency matrix, given by A +— A + &
amounts to adding the edges {i,j}, {k,} and removing the edges {7, k}, {7, (}; this
is illustrated in Figure 12 and made precise in (4.29) below. In this section, the four
vertices need not be distinct.

Next, we define the abbreviations

]

(4.6) HY = Te(eflH), O = dg = Tr(e}),
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for all 4,j,k,1 € [1, N]. Here Ox denotes the directional derivative in the direction

X. Explicitly, expressed in the standard basis on R, we have

(4.7) H;;.l = 2(Hij + Hy — Hy, — Hy),

(4.8) OHF(H) = 2(0j + O — O — 0)F(H),

where F' € C'(M). With these abbreviations, the generator of the constrained DBM

can be expressed in terms of switchings as stated in the following proposition.

Proposition 4.4. The generator of the constrained DBM from Definition 4.2 is

: 1 kI 2 1 kl okl
(4.9) L = TRE (955)° — 322 H505 .
i7j7k7l Z'7j7k7l

This means that for any F € C*(M) we have

d

(4.10) -

—E[F(H(t))] = E[LF(H(?))].

Proof. Let H(t) be the standard Ornstein-Uhlenbeck process from Definition 4.1 on
the space H(RY~1) with inner product (4.1). As in the example (4.2), we obtain the

quadratic covariation

(4.11) (Hy;, Hy)(t) = dir0j1 + 60,1t .

1
~

Next, let R € O(N) satisfy Rey = e. Then, since the inner product (4.1) is
invariant under orthogonal conjugations, we can express the constrained DBM as
H(t) = R(H(t) ® 0)R*. We abbreviate H = H(t) and write for F' € C%(M), using
[to calculus,

dEF(H :——ZE (0, F)(H)] dt + = Z (0150 F)(H) d(Hyj, Hy)] -

zgk:l
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By definition of R we have R;y = \/1_N for all 7, so that (4.11) yields

i

d<sz> Hkl> = (Rszjanlen + Riijananm) dt

Ha Do e do )

Thus, for any F' € C*(M) we have (4.10) with

=z =

(4.12) L= Z 0ij(0ij + O — ZHU@U

i,5,k,l

Finally, using >, Hi; = >_; H;; = 0 for H € M, we observe that L from (4.12) can

be rewritten as (4.9). O

4.1.3. Qutline of proof of Theorems 1.5-1.4. Theorems 1.3-1.4 are an immediate

consequence of the following two propositions. As in [19], we set

N2
(4.13) D= dh—.

We always assume d € [N, N?/379] which implies D > N°. To state the two
propositions concisely, we introduce the following definition. It will also be convenient

in the proofs.

Definition 4.5. Given H € M, we denote by \y = --- = Ay_1 the eigenvalues of

H|e1. Consider two random matriz ensembles Hy and Hy in M. Then we say that

(i) the bulk eigenvalue gap statistics of H; and Hs coincide if for any n € N,
¢ € C°(R™), and k > 0, we have

(414)  (Em —Em) d(Npse(r) (N = Xis1)s -+ Npse(1:) (N = Aign)) = o(1)

as N — oo, uniformly in i € [kN, (1 — k)N];
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(i1) the averaged bulk eigenvalue correlation functions of H; and H, coincide if
for anyn € N, ¢ € C°(R"™), ¢ > 0 small enough, and E € (—2,2), we have
(4.15)

o xn)N — E+——— .. E+—2—_| = o(1),
/Rn o1, ..., x,)N" (] sz)( T Nps(E) * NpSC(E)> o)

where the correlation functions pg? are defined as in (1.8).

Moreover, we say that the bulk eigenvalue statistics of H; and Hy coincide if (i) and

(i) hold.

Proposition 4.6. For any fived 6 > 0 and t < N™'79DY2, the bulk eigenvalue

statistics of H(0) and H(t) coincide.

Proposition 4.7. For any fized 6 > 0 and t > N~ the bulk eigenvalue statistics
of H(t) and H(o0) LW coincide.

Propositions 4.6-4.7 are proved in Section 4.4. As mentioned in Section 1.1, our
main effort and novelty is in proving Proposition 4.6. Proposition 4.7 is essentially a
consequence of general results on universality of local eigenvalue statistics with small
Gaussian component [63, 62]. The local semicircle law of [19] is an important input

in the proofs of both propositions.

Proof of Theorem 1.4. The proof is immediate from Propositions 4.6-4.7, with § <
a/d. O

4.2. Switchings and short-time comparision. The main result of this section is
Proposition 4.8 below. To state it, we introduce the following Sobolev-type semi-

norms, whereby the derivatives are taken in the directions of all switchings

(4.16) X = { e RN i j k1€ [1,N]}.

J
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First, for r > 1, we define an L"-seminorm on C(M) through

1/r

(4.17) 1Flle = (EIF(H@))
Then, we extend this seminorm to include derivatives: for F' € C"(M) we define

(4.18) |0"F ||+ = | sup sup |dx, - Ox, F(- 4+ (d— 1)"Y%¢. X))|

0elo,1]m Xexn

)
rt

where Oy denotes the directional derivative in the direction Y, and for 6 € [0, 1]" and
X € X" we abbreviate

0-X = 0X1+---+0,X,.

Proposition 4.8. Let H(t) be the constrained Dyson Brownian motion from Defi-
nition 4.2 with initial condition (4.4). Fiz ¢ > 0 and let v = r(e) be large enough
depending on €. Then for any F € C*(M) we have

(4.19) EF(H(t)) —EF(H(0)) = O(D‘l/QN”E max /0 tHaiFHr,sds)

1<i<4

In the applications in Section 4.4, we will use functions F' satisfying ||0°F|, s < N¢
for ©+ < 4 and a constant ¢ > 0 that can be chosen arbitrarily small. Thus, for
t < N~179DY2 the right-hand side of (4.19) will be O(N ~2+%¢) which is ¢(1) provided
that ¢ +¢ < 4.

The starting point for the proof of Proposition 4.8 is the idea of [24, Lemma A.1],
namely to estimate the left-hand side of (4.19) by estimating E(LF(H (t))). However,
since the entries of H(t) are not independent, a different approach from [24] is needed
to control E(LF(H(t))). We do this by approximating the constrained DBM by a

Markovian jump process induced by switchings. This process is defined as follows.
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4.2.1. Switching dynamics. We introduce a Markovian jump process on simple regu-
lar graphs by defining its generator
1 mn mn
(4.20) UA) = gy O B (FAa-gm— ).

where we recall the definition of a switching from (4.5) and introduce the indicator

function

The indicator function Ij7"(A) ensures that the graph encoded by A contains the
edges {i,7} and {m,n} but no other edges between the four vertices {i, j, m,n} (i.e.
its restriction to {7, j,m,n} is l-regular).

Thus, the process generated by () is a Markovian jump process whose jump times
are the events of a Poisson clock with a constant rate; at each event of the clock,
four vertices are selected uniformly at random, and a switching as in Figure 12 is
performed on the graph if the four vertices are connected by exactly two edges. It
is not hard to show that the uniform measure on d-regular graphs is invariant under

this jump process.

Proposition 4.9. The uniform measure on simple d-reqular graphs is invariant under

Q. This means that for any function f on the set of simple d-regqular graphs we have

E(Qf(A)) = 0.

The proof of the proposition is given in Section 4.2.2, in a slightly more general
context. The following proposition shows that the switching jump process generated
by @ is well approximated by the constrained DBM generated by L.

The generator L acts naturally on functions of H (denoted henceforth by an upper-

case F'), and the generator () on functions of A (denoted henceforth by a lowercase
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f). It is therefore convenient to introduce, for any F' € C"(M), the abbreviations

(422)  H — Hy = —— S(A—dee’).  f(A) = fr(A) = F(Ha).

i

Proposition 4.10. For any F' € C*(M) and using the notation (4.22) we have

(4.23) Qf(A) = LF(H)+ R,
where

_ —1/2 p7l4e i
(4.24) ER = O(D N ){22}2“8 Flro-

Here E denotes expectation with respect to the uniform measure on random d-reqular

graphs A.

The proof of this proposition is also deferred to Section 4.2.2 below. Roughly, the
idea of the proof is as follows. By Taylor expansion, we obtain
1 1
45 QI & g S A (-0 + 50
%,7,m,n

with high probability. Now EA;; = £ if i # j. By expanding A;;An, = (& + (A;; —
IN(L + (Apn— L)), and keeping only the leading terms, we find that the right-hand
side of (4.25) becomes by LF(H). Here, for the second-order term on the right-hand
side of (4.25), the leading term from A;;A,,, is ]‘3,—22; for the first-order term on the
right-hand side of (4.25), the leading term from A;; A, is %(Aij — %) + %(Amn — %)
Further error terms result from the dependence of the entries of the adjacency matrix.

Before giving the proofs of Propositions 4.9-4.10, we deduce Proposition 4.8 from

them.
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Proof of Proposition 4.8. By (4.10), it suffices to estimate E[LF(H (t))]. By explicit

solution of the constrained DBM, H (t), we find for any fixed ¢ > 0 that
(4.26) H(t) £ e 2H(0) + (1 — e )2W

where W is a copy of the constrained GOE independent of H(0). For the remainder
of the proof, we identify the right-hand side with H(t), abbreviate H = H(0), and

introduce the two functions
Fw(H) = Fg(W) = F(e’t/2H+ (1 _eft)l/ZW)’

where the choice of the argument determines the variables on which the generator L

acts. We recall the generator L from (4.9),

1 1
L = o2 — HFE
16N3 ”Zkz( i) 32N? R

i’j’k’l

From 02 = (e™* + (1 — e7"))0?, e "/20F = 0Fyy, and (1 — e *)/20F = 0Fy, we then
deduce that LF(e™/?H + (1 — e™")Y?W) = LFy(H) + LFy(W). We therefore get

E[LF(H(1)] = E[LFw(H)] +E[LFy(W)] = E[LFw(H)],

where in the second step we used that the constrained GOE, W, is invariant with
respect to the generator L.

Next, we define fy (A) := Fy (H) where H = H 4 is defined as (4.22). By Proposi-
tion 4.9, the random d-regular graph A is invariant with respect to the generator @,
and Proposition 4.10 therefore yields

E[LFw(H)] = E[Qfw(A)] + O(D™2N") max |0 Fir [lno

= O(D7VAN"¢) max||0°F|,., .

1<i<4
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F1GURE 13. Given four vertices 7, j, k, [ with two edges between them,
there are two possible switchings. By equipping the edges with direc-
tions, one of these two switchings can be selected canonically.

Thus, with (4.10), we have shown that

iH.«:[F(H(t))] = O(DY2N"™&) max ||0"F||,.; ,

dt 1<i<4

and the claim follows by integrating over ¢. 0

4.2.2. Proofs of Propositions 4.9—4.10. Propositions 4.9-4.10 concern switchings of
regular graphs. Switchings played an important role in the proof of the local semicircle
law for random regular graphs [19]. Here we use simple switchings instead of the
double switchings needed in [19].

Given two disjoint edges of a regular graph such that the graph has no other edges
between the vertices incident to these two edges, there are two possible switchings;
see Figure 13. To specify one of these two switchings, it is convenient to assign to
each of the edges to be switched a direction; there is then a canonical choice between
the two possible switchings. We write ij for the edge {3, j} directed from i to j.

We consider sets S of two directed edges of the complete graph, which we write in
the form S = {ij, kl}. We denote by [S] = {i,7, k, 1} the set of vertices incident to

the edges of S. For two such sets S and S’, we define the indicator functions

(4.27) I(S) = I(S;A) = 1(|[S]| =4 and E|jg) is 1-regular),

(4.28) J(S,8") = J(S,5A) = 1([S|n ][] =0),

where £ = E(A) := {{i,j} : Aij = 1} is the set of (undirected) edges of the graph

encoded by A, and E|p := {e € E: e C B} is the restriction of the graph E to the
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subset of vertices B. The indicator functions are illustrated in Figure 14. Note that

I = AijApn L ({ij, mn}) (recall (4.21)).

Remark 4.11. The definitions (4.27)—(4.28) are similar to those given in [19, Sec-
tion 6], with the following differences. First, the current set S consists of two directed
edges instead of the three undirected edges in [19]. Because of the directions contained
in the current set S, it effectively incorporates the extra parameter s of [19, Section 6].
Second, the edges in S are edges of the complete graph, and we do not assume that
they are contained in some reqular graph A; we will ultimately define the switching
associated with the set S to act trivially unless S is contained in the edges E of the

given graph.

For a set S = {ij, kl} of two directed edges, we define the switching

A—gl S I(S)=1,4;=1,Au=1

(4.29) Ts(A) = A+ i I1(S)=1,A=1,A4;=1

A otherwise ,

where we recall the definition of £ from (4.5). In words, Ts(A) switches the edges S
if they are contained in A and are switchable in the sense that the switching results
again in a d-regular graph. Moreover, for S, S" as above, we define

(4.30) Tyg(A) = Ty (Ts(A)) if J(S.8) =1

A otherwise.

In words, T ¢ (A) switches the edges in S and S’ if they are contained in A and the

two switchings do not interfere with each other.

Lemma 4.12. For any fived S, S we have A < Ts(A) and A 4 Tss(A).
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FIGURE 14. In the left diagram, I(S) = 0 since the restricted graph
is not 1-regular. In the right diagram, J(S,S5") = 0 since the two sets
of vertices intersect.

Proof. 1t is easy to check that T(A) is a d-regular graph if and only if A is. Moreover,
Ts(Ts(A)) = A, so Ts is a bijection on the set of d-regular graphs. Since the dis-
tribution of A is uniform, we obtain 4 < Ts(A). The second claim follows similarly

from TS,S’ (TS,S’ (A)) = A. O
Now Proposition 4.9 follows easily.

Proof of Proposition 4.9. For any f, we get

ST EIZMA)FA) = Y E(AyAnI({ij,mn}; A)f(A))

2,3,1,1 2,3,

= Y E(AimAjl ({ij,mn}; A+ €M) f(A +€2m)

1’7]7m7n

= " E(AyAuaI({ij.mn}; A)f(A —€om))

l’.y’m’n

= > EI"AFA-M).

i7j7m7n
where the first and last steps follows from the definition of I]7", the second step

from Lemma 4.12, and the third step from the exchangability of i, j,m,n and using

I(S;A) = I(S;Ts(A)). This concludes the proof. O

For the proof of Proposition 4.10 we shall need estimates on the moments of en-

tries of the adjacency matrix, as well as estimates on such moments restricted to
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low-probability events where the indicator functions (4.27)—(4.28) are zero. These

estimates are collected in the following sequence of lemmas.

The following two lemmas show that moments of the entries of the adjacency
matrix behave roughly like those of an Erdds-Rényi graph.

Lemma 4.13. Let b < N and iy, ji, ..., i, Jp € [1, N].
qe [[17N]]\{Z.17j17

Then for any p € [1, N] and
<oy ip, Jb}, we have

d
(4.31) E(Aij, - Ay Apg) = O <—

where we use the convention E(A; ;, -+ A;,j,) =1 if b=0.
P’I"OOf. Set X = Ailjl < 'Aibjb and [ := {’i17j1,

- b, Jb, p}. Then, since Y A,, =d
for any p, we find for any ¢ ¢ I that

1 1 1
E(X) = EZE(XAW) = C—ZZE(XAWHEZJE(XAW)
n ngl nel
1 N —|I|
> EZE(XA,,”) = — !

- d E(XAPQ)
ngl
where in the third step we used that X A,, > 0 and in the last step that the law of

A is invariant under permutation of vertices. Using that |I| < N/2 by assumption
on b, the claim now follows.

O
As a consequence of Lemma 4.13, we obtain the following explicit bounds.

Lemma 4.14. Suppose that |{i,j,m,n}| =4 —a and |{i,j, k,l,m,n,p,q}| = 8 —b.
Then

d N\ 2-1a/2]

(4.32) E(AijAnn) = N )
d \4—1b/2]

(4.33) E(AijjAmnAnAy) = N )
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Proof. Since A,y = 0 for all s, we can assume that i # j, m # n, k # [, and p # q,
and thus @ < 2 and b < 4. Then (4.32)(4.33) follow easily from Lemma 4.13. O

In the next two lemmas, we estimate moments restricted to low-probability events
where the indicator functions (4.27)—(4.28) vanish, i.e. we estimate the contribution
of graphs A that are not switchable. Throughout the rest of this section, for given

indices i, 5, k,l,m,n, p,qg we use the abbreviations

(434) ]1 = ]({2]7mn}7A)7 ]2 = [({klaPQ}7A)>

(4.35) Jio = J({ig,mn}, {kl,pg}; A), Lo = LilJis,

with I and J defined in (4.27)—(4.28).

Lemma 4.15. Let |{i,j,m,n}| =4 —a and |{3,j, k,l,m,n,p,q}| =8 —b. Then

(4.36) E((AijAmn + AimAjn)(1 — 1)) = o(%)g_“.
(4.37) E((Ayj Apn + AimApn) (A Apg + AgpAig)(1 — T12)) = o(%)”.

Proof. First, assume that 4, j, k,[,m,n,p,q are all distinct, i.e. we consider the case
a = b = 0. Then, since |{i,j,m,n}| = 4 and I; = 0 implies that the graph A

restricted to {7, j,m,n} is not l-regular, we find
E(Ajj A (1 —11)) < E(AjjApn(Aim + Aip + Ajim + Ajn))
E(AimApn(l—1)) < E(AimAjn(Aij + A + Ain + Aji))
and Lemma 4.13 implies that the right-hand sides are bounded by O(d/N)3. The
proof of (4.37) for b = 0 is analogous. We only consider the term A;; Ay A;mnApg;

the others dealt with similarly. First, note that Jio = 1 if |{¢,7,k,l[,m,n,p,q}| = 8.

Since {4, 7,k,1,m,n,p,q}| =8 and I, = 0 imply that E|f; jmny oF Elfrpq) has at
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least three edges, we find
E((AijAmnAklqu(]- — 11]2J12)> = E((AijAmnAkzlqu(l — 11]2))

5
< E(<A1jAmnAklqu<Alm + Azn + Ajm + Ajn + Akp + Akq + Alp + Alq)) = O(N) )

where the last step follows from Lemma 4.13.

Finally, if a > 0 we have I; = 0, and if b > 0 we have [;5 = 0. In these cases,
we can directly apply (4.32) and (4.33), respectively, and the claim follows since
2—|a/2] 23—aifa>0and4—[b/2] 25—-Dbif b > 0. O

As a consequence of Lemma 4.15, we obtain the following averaged estimates.

Lemma 4.16. If |{i,j}| =2 —a and |{i,j,k,1}| =4 — b, then

1 d\3—a
(4.38) 5 D E((Ay A + AinAjn)(1 = 1)) = o(ﬁ) ,
(4.39)
1 d 5—b
7 20 D E((AgAmn + AinAsn) (Andp + ApA)(1— 1)) = O(5) -
m,n p,q
Moreover,
1 d\3
(4.40) <7 O E((AyAmn + A Apn)(1 = 1)) = o(ﬁ) ,
2,7,m,n
(4.41)
1 d

5
5 2 D E((A A + A A (AuAp + ApAn) (1= 1) = 0(5) -
'7j7m7 k7l7p1q

Proof. To prove (4.38), we split the summation over m,n by fixing |{i, j, m,n}| =
4 —a — s where s € [0,2]; there are O(N*~*) terms corresponding to each s € [0, 2].
By (4.36), the left-hand side of (4.38) is bounded by

o) 0008 o)
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The proofs of (4.39)—(4.41) are analogous. O

Finally, as a consequence of Lemmas 4.13-4.16 and the Holder inequality, we obtain
the following estimates incorporating an arbitrary function f(A). These and the
remainder of the proof of Proposition 4.10 are simplest to state in terms of versions
of the seminorms (4.17)-(4.18) for t = 0 without rescaling by (d — 1)~%/2. Thus,

instead of (4.17) and (4.18), we use the seminorms

1/r

Fll = (BLFCA)

and

10" fll =

sup  sup |0y, -+ Ox, f(- +6-X)]

0€l0,1]™ Xexn

r

Lemma 4.17. Fiz ¢ > 0 and let r = r(e) be large enough depending on €. Let

f€COM) satisfy || fll» < 1. Then if |{i,5}| =2—a and |{i, j, k,1}| = 4—b, we have

1 d\ 2—la/2)—¢
(4.42) WZE(AijAmnf(A)) = O<N> ;
1 d \ 4—b/2]—
(4.43) < 2 E(AyAmAud, f(4) = O(N) ,
m,n,p,q
1 _ d \ 3—a—e
(4.44) 5 D E((AyAmn + A A3 L[ (4)) = o(ﬁ) ,
(4.45)
1 _ d N\ 5—b—e¢
1 20 D E((Ai A+ AimAjn) (Aua gy + A i) L2 f(A)) = O(5)
m,mn p,q
1 _ d\3—¢
(4.46) = 2 E((AyAnn + A AL f(4)) = o(ﬁ> ,
0,7,m,n
(4.47)
1 _ d\5—¢
5 2 O E((Ay A+ A Ain) (Audp + ApA)Taf(4) = 0(5)

t,3,;mn k,l,p,q
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where I} :=1—1,, I3 := 1 — 15, and the indicator functions I, and I, were defined

in (4.34)—(4.35).

Proof. We only prove (4.46); the other estimates are proved similarly and we comment
on the differences at the end of the proof. By Hoélder’s inequality, applied twice, first

to E(-) and then to the sum over m,n, we obtain from (4.40) that

Y E((Ay A+ Ay )1 - L) ()
2,J,m,n
]' —1/r
< 57 2 [B((AgAm + AimAi) (1= 1)] 7111,

27.]7m7n

1-1/r
< (3 3 Esmn + At -1)) I,

,3,1,1

d\3-3/r d\3—¢
< O<_) r = O<_> Ty
O = o(8) I
where we chose 7 large enough that 3/r < e.
To prove (4.47), we use (4.41) instead of (4.40), and to prove (4.42)—(4.43) we
apply (4.31) instead of (4.36). To prove (4.44)-(4.45), we use (4.38)(4.39). This

concludes the proof. O

The next lemma estimates the effect of replacing A;; by its mean d/N, or, equiva-
lently, of conditioning on {A;; = 1}. Since the entries of A are not independent, we

use switchings to analyse such a conditioning.

Lemma 4.18. Fiz ¢ > 0 and let r = r(g) be large enough depending on . For any

f€C* (M) and any i, j, k,1 with |{i,7}| =2 —a and |{i,7,k,l}| = 4 — b, we have

(1.45) E(f()(45-5)) = 0() sk o) Is
149) E(FA) (A~ 2) (4 - ) = o(2) Wl +0( L) s
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Proof. We begin with (4.48). Since A € M + dee*, we have Zm,n A = Nd and
Yo Aim =, Aj = d for all ¢, and the left-hand side of (4.48) is therefore equal to

d 1
Using (4.44), using the notation from (4.34), we therefore find

E (f<A> (Aij - %)) - L SN Ay A~ A1) +0(2) 51,

Because of the indicator function I, the first term on the right-hand side vanishes un-
less @ = 0. Therefore we may assume that a = 0 when estimating it. By Lemma 4.12,
and since I;(A) = I;(Ts(A)) with S = {ij, mn}, the first term on the right-hand side

equals
(451) 7 SE((FA) — FA — €M) Ay Al

The difference of the f’s is bounded in absolute value by supeo 1 Supxex |0x f(A +
6X)|. Hence, (4.42) implies that (4.51) is bounded by

d

() losll-

This concludes the proof of (4.48).
The proof of (4.49) is similar. As in (4.50), we write

d d 1
(Aij - N) <Akl - N) = (Nd)2 m%,fAijAmn - AimAjn)<Aklqu - AkpAlq) :

As above, we write 1 = I15 + (1 — I12) inside the expectation on the left-hand side
of (4.49). The second term yields a contribution of order O(£)37=¢| f|,, by (4.45).
The first term is zero unless b = 0 because of the factor Ji5 in I;5. We may therefore

assume that b = 0 for the estimate of the first term. Using Lemma 4.12; as in (4.51),
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we find that the first term is equal to

(4.52)
e 2 B = F(A =) = A=) + (A= €5" = ) Ag A Ay

The difference of the four f’s is bounded in absolute value by

sup sup ‘3X13X2f(14 + 0, X, + 92X2)‘ )

01,02€[0,1] X1,X2€X

By (4.43), we therefore find that (4.52) is bounded in absolute value by

o) sl

This concludes the proof. O

Finally, with the preparations provided by the previous lemmas, we now complete

the proof of Proposition 4.10.

Proof of Proposition 4.10. First note that I'" = A;;A.,I1. By Taylor expansion,

and writing I, = 1+ (I; — 1), we therefore have

(453) QF(A) = = 37 Ay Ama (<05 F(A) + 5 OIRF(A)) + N*(Ry + Ro).

Z7J7m7n

where

Ny 1
R, = O<—>—4 Z AijAmn(1 — 1) sup sup |Oxf(A+0X)],

d ij,mn 9c[0,1] XeX
R O<N> GO A 103, 0,0, (A + 0 - X))
— R iiAmn SUDP  Sup ) ] . .
2 d/ N4 o J oeoa]? Xex® x,0x,0x;

By (4.46) and (4.42), respectively, the two error terms are estimated by

d d

er, = 0(%) 19fl.. ER = 0(5) 191
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Next, we estimate the main terms in (4.53), which we write as
1
(454) v > Ay Au (=08 F(A) + 5 (921 (A)))

The idea is to write A;; = % + (A;; — %) and likewise for A;;. For the second-
order term in (4.54), the term obtained by selecting both factors % yields the main

contribution. More precisely, we write

d

kl .« kl 9
16Nd”§k:lA,JAkl (95)°1(A) = 155 ”ijl(a,]) F(A) + N%(Ry + Ry),

where

mo= S S (e (4, - 1))

,5,k,1
v = s (s (1, 3) (1-4))

By (4.48) and (4.49), respectively, with f replaced by (9}/)?f, we obtain
B d\1—¢ 3 " d\ 2—¢ 9
E(Rs + Ri) = O(5) (101 + 101 ) + O(5) " 12 f1l-

Next, we estimate the first-order term in (4.54) using a similar argument. Here
the term obtained by selecting both factors % from A;; and Aj; vanishes because
> O = 0; the main contribution is given by the mixed term. More precisely, we

i,4,k,0 g

write

1 d
7 S AAIA) = S S o)+ 1 3 (4 - 5 ) + 0

i,5,k,l 0,9,k,1 ,7,k,l

= 4N2 Z 108 f(A) + N*R;
,5,k,l

. kl kl 2
- 32]\72 Z ij azJ + N°Rs,
4,5,k,l
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where

e (1) ()

i’j’k’l

By (4.49), with f replaced by ijl f, we obtain

d\1—¢ d\2-=¢
ER; = 0(5) 18- +0(5) 107l
We conclude that

d Va—1 :
QI(A) = o DO f(A) = oxs D HEOSF(A) +N° Y R,
i=1

i’j’k?l i7j7k7l
_ d—1 ok f szakz N2 - R,
= Tons 2 00 (A) - 32N2 Z BOGSA) FN*Y Ry,
i,9,k,l ,7,k,l =

where we defined

1 1
Re = T6N Vi Z(ai’?‘l)Qf(A)-

ikl
Clearly, ERg = O(+)[|0*f||,-
Using the notations introduced in (4.22), we have v/d —10f(A) = OF (H). Hence
we obtain (4.23) with R := N? Z?:l R;. The error term R is estimated, using the

above estimates on ER;, as
ER — o(v>)| (L)1 0” —||0° o° N
(V=) ((5) (Wofll + 1221 1l.) + H flle+ (H flle+ 10 F1r)
= O(D™'2NM) {HGFHTD + D20 F o + |0 F |l + DTV2|O'F M )

as claimed. O

4.3. Stability of eigenvectors and eigenvalues. In this section we derive basic
stability properties for the eigenvalues and eigenvectors of the Dyson Brownian mo-
tion H(t). These allow us to deduce estimates on the eigenvalues and eigenvectors of

H(t), assuming similar estimates have been proved for H(0).
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As discussed in Section 4.1.1, we consider a general Dyson Brownian motion H ()
on an M-dimensional Hilbert space V', with normalization constant N as in (4.1). For
the usual DBM we have N = M, while for the constrained DBM we have M = N —1;
we always assume that N and M are comparable. We denote by A\(t) > -+ >
A (t) the eigenvalues of H(t), and by v(t),..., vy (t) € V the associated normalized
eigenvectors of H(t). Moreover, we define the Stieltjes transform of the empirical

spectral measure of H(t) by s(t; 2) :== - M )\i(tl)_z.

Throughout the rest of the paper, we use the following notion of high probability

events and high probability bounds, introduced in [37].

Definition 4.19. (i) We say that an event = has high probability if for every
¢ > 0 there exists an No(¢) > 0 such that P(Z¢) < N=¢ for N > Ny(C).
(i1) For nonnegative random variables A, B, we write A < B or A = O(B) if
for any ¢ > 0 there exists an No(C) such that P(A > NY<B) < N~ for
N = No(©).

If the event = from (i) and the random variables A and B from (ii) depend on
some additional parameter w € U in some possibly N-dependent set U, we we say

that (i) and (i) hold uniformly in u if No(C) does not depend on w.

Throughout the following, the definitions (i) and (ii) will always be uniform in
all parameters, such as z, any matrix indices, and deterministic vectors. Note that
< is compatible with the usual algebraic operations, so that for instance we have
> Ai <>, B; provided that A; < B; for all ¢ and the size of the index set for ¢ is
NO®),

4.3.1. Delocalization of eigenvectors. The following result shows that if all eigenvec-
tors of H(0) are uniformly delocalized in some direction q € V', then with high
probability they remain delocalized in this direction under the DBM on V', for any

time ¢ > 0.



176
Lemma 4.20. Suppose that H(t) is the DBM on an M-dimensional space V. Let
q € V and suppose that max; |q - v;(0)| < B. Then, for anyt > 0, any i € [1, M],
and & > 1,

(4.55) P(la-vi(t)] = ¢B) < e2 .
In particular,
(4.56) lq-vi(t)] < B.

Lemma 4.20 is a simple consequence of the eigenvector moment flow (EMF) in-
troduced in [24]. Suppose for simplicity that the eigenvalues of H(0) are distinct.
Then the eigenvalue process (\;(t)) is almost surely continuous and simple for all
t > 0; see [24] for more details. We study the dynamics of the eigenvectors v;(t)
by conditioning on the eigenvalue process; see again [24] for a precise construction.
Hence, for the following argument, we condition on (\;(¢)) and regard the eigenvalue
process as deterministic.

We give the definition of the EMF restricted to moments of a fixed order p € N. The
configuration space is , == {n = ()M, € NM : "M 5 = p}. The configurations
n € Q, are interpreted as configurations of p particles on the lattice [1, M], whereby
a single site of [1, M] may be occupied by multiple particles. We denote by n™/ :=
n-+1(n; > 0)(e; — e;) the configuration obtained from 7 by moving one particle from

i to j. The time-dependent generator R(t) of the EMF is defined by

(RS0 =Y Wi (t)20:(1+2m) (f (™) = f(m))
i#j

where
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For our purposes, the precise form of the coefficients W;;(t) is not important; we
only use that they are nonnegative and continuous in ¢. The p-particle EMF is given

by the equation

(4.57) Ofi(n) = (R(@)f)(n), fo:9Q, — R given.

This is a linear (time-dependent) ODE on a finite dimensional vector space, and thus
well-posed. It is also easy to see that it is contractive on L*(2) in the sense that
1fellz= @) < 1folloe(y)-

Next, for deterministic n € €2, and q € V', we define

1 - (q-vi(t)> (/\i(t) cie 1, M],t> 0) :

(4.58)  filn) = E Hm

where n!l :=n-(n—2)---3-1 for odd n, and by convention (—1)!! = 1. In [24,
Theorem 3.1] it is shown that f; solves (4.57).

Remark 4.21. In [24], Dyson Brownian motion is defined without the Ornstein-
Uhlenbeck drift term in the SDE (4.2), and the SDEs for the eigenvalues and eigen-
vectors are stated in [24, Definition 2.2|. In the present case, with drift term, the

SDFEs for eigenvalue and eigenvector flows are given by

AN = Sl N VAN TS
1 dB;, 1 dt
dv, = Z v, — — Ny g Vi
VN 2N A 2N (A= A)

fori=1,2,...,M, and with B(t) a Brownian motion on the space of M x M real
symmetric matrices with quadratic covariation (B;;, By)(t) = (001 + 6:0;x)t. Thus,
the SDEs for the eigenvectors are the same with or without the drift term. Therefore

the arguments of [24, Section 3] apply verbatim in our setting as well.
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Proof of Lemma 4.20. Suppose first that H(0) has simple spectrum. Let f; be the
given by (4.58), which solves (4.57) as remarked above. Then, since the EMF (4.57)

is a contraction on L>(€2,), we obtain from the assumption of Lemma 4.20 that

< < B%.
%%f’ft(”” < Eiré%>:|fo(77)| < B

Therefore, choosing n = pe;, we get

E[(q-vi(t)*] = (2p— DUE[fi(n)] < (2p — DUB>,

from which the claim follows. Finally, if H(0) does not have simple spectrum, the
same estimate holds by a simple approximation argument using the continuity of the

eigenvectors as functions of the matrix. O

4.3.2. Stability of eigenvalues. The following result shows that if the empirical spec-
tral measure at t = 0 is close to the semicircle law, this remains true for t > 0. For its
statement, recall that s(t, z) denotes the Stieltjes transform of the empirical spectral
measure of H(t). We denote the Stieltjes transform of the semicircle law by m. It
can be characterized as the unique holomorphic function m : C; — C, such that

m?+mz+1=0and m(z) ~ 1/z as |z] — oo; see e.g. [16].

Lemma 4.22. Suppose that C™'M < N < CM. Fixe > 0. If for some B < N~¢

we have

1
(4.59) |8(O; Z) - m(z)] < B+ W
uniformly for z = E +in with n > N~ then for any t < B we have

1

(4.60) |s(t;2) —m(z)] < B+ N

uniformly for z = E +in with n € [N~1%¢ 1].
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Proof. Define s¢.;(z) as the unique solution C; — C of the self-consistent equation

M

1 1
(4.61) Ste(2) = M z; e t20;(0) — 2z — (1 — e !)spe(2)

Thus, sg.+(z) is the Stieltjes transform of the free convolution of the empirical eigen-
value distribution of e~*/2H(0) and the semicircle law rescaled by (1 — e *)1/2. We
refer to [20] for the existence and uniqueness of s¢.;(z) and relative properties on the
free convolution with semicircle law.

Asin (4.26), we find that H(t) < e7¥/2H(0)+(1—e~*)/2W, where W is the standard
Gaussian measure on H (V') with inner product (4.1). Under the assumptions of the

lemma, [63, Corollary 7.11] implies that for ¢t < N~¢ we have

1
(4.62) |s(t; 2) — seea(2)| < N7

uniformly for z = E + in with n > N~1*¢. (Note that in [63], the Stieltjes transform
is denoted by my instead of s, and that s¢, is denoted my.;. Moreover, [63, Corol-
lary 7.11] is stated for a diagonal matrix H(0); however, since W is invariant under
orthogonal transformations which diagonalize H (0), the results of [63] trivially apply
to any symmetric matrix H(0).)

Set 9, := 1 — e~ < t. Note that the Stieltjes transform of the empirical eigenvalue
distribution of e */2H(0) is given by e'/25(0,e!/2z), and that (4.61) can be rephrased
as

Stet(2) = et/gs(O,et/Q(z + V48 i(2))) -

For any z = E +in such that n > N~ we have Ime'/?(2 + ¥;s1.4(2)) > Ime'/?z >
N~1*¢ where we used that Im sg.;(2) > 0. From the assumption (4.59) we therefore

get

(4.63) sies(2) = Pm(e? (2 + Vyspeq(2))) + O <B + W) :
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Next, note that
(4.64) m(z) = ?m(e!?(z +9m(z))).

(This may be interpreted as the fact that the semicircle law with variance ¢ is a
semigroup with respect to free convolution.) Moreover, from the definition of m(z)

it is easy to deduce the continuity estimate
(4.65) Im(z) — m(w)| < 2|z —w|'?,

for any z,w € C,.

By (4.65), and using that t = O(1), the difference between (4.63) and (4.64) is

Isi00(2) —m(2)] = e/ |m(e"?(z + Vys1e4(2))) — m(e?(z + 9ym(z)))| + O <B + N

1
< O(t?)[spes(2) — m(2)|* + O (B + )
1

< max{ow/?)\sfc,t(z) —m(2)|"?, 0 <B+ (Nn)1/4>} .

Therefore either |sg.(2) — m(z)] = O(t) or |sts(2) — m(2)| < B+ (Nn)~Y4, and we

get

1 1
(4.66) |8e,0(2) —m(z)] < B+ W +t < B+ (NU)1/4 )

where we used ¢ < B. Combining (4.62) and (4.66) and using n < 1, the claim (4.60)
follows. O

4.4. Proof of Propositions 4.6—4.7. With the preparations provided by Sections 4.2
4.3, and using results of [19, 63, 52|, we now complete the proofs of Propositions 4.6
4.7. First, recall that o > 0 is fixed, and that we always assume D > N®. We also
use the notation z = E'+1in for the real and imaginary parts of the spectral parameter

ZG(C+
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Throughout this section, H(t) denotes the constrained DBM from Definition 4.2
with H(0) given by (4.4). We use the notations of Section 4.3 applied to the con-
strained DBM. In particular,
M = N-1

is the dimension of the space V := e™.

4.4.1. A priori estimates on eigenvalues and eigenvectors. We begin by collecting
some results on the eigenvalues and eigenvectors of H (t)|s1 required for the proofs of
Propositions 4.6-4.7.

For any H € M, we denote the eigenvalues of H|.. by A\j(H) > --- > Ay (H), and
the corresponding normalized eigenvectors by vy(H),...,vy(H). The components
of the eigenvectors in the standard basis on RY are denoted vy (H;1i) = e; - vi(H),
i € [1,N], k € [1,M]. Moreover, for H € M, we denote by G;;(H;z) the entries
of the Green’s function of H restricted to e’ in the standard basis of RY, and by

s(H; z) the Stieltjes transform of the empirical spectral measure. Explicitly,

M . .
o N vk (H )

(4.67) Gij(H;z) == N 2

k=1

1 1 & 1
( 68) S( 7Z) M rG( ?Z) M;)\k(H>_Z
Finally, we set
(4.69) ['(H) = T'(H;2) = max|G;;(H;z)| V1.

27‘7

We also recall the definition of the typical location 7; of the i-th eigenvalue from
(1.6).

The following proposition summarizes the input we need from the local semicircle
law of [19]. The local semicircle law, as proved in [19], only applies for ¢ = 0, and the

extension to ¢t > 0 is provided by the results of Section 4.3.
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Proposition 4.23. For any z € C,, i € [I,N], k € [1, M], and 0 <t < D74, we

have

(4.70) lu(H (t);3)] < N7Y2, T(H(t);z) < 1+Nin.

Moreover, for any fized k > 0 and any i € [KN, (1 — k)N], we also have
(4.71) IN(H (1) — | < D7Y4.

Proof. First, as special cases of [19, Theorem 1.1 and Corollary 1.2}, for any z = E+in

with £ € R and n > N~'*¢, for arbitrary € > 0, we have

1 1

(4.72) |s(H(0);2) —m(z)|] < D + (N7

ok (FH(0);4)] < N~V2.

(Note that the local semicircle law from [19] also includes the trivial eigenvalue at 0;
it is easy to see that its contribution to s is negligible compared to the error bounds
in (4.72).)

Next, we extend these bounds from ¢ = 0 to t > 0. For i € [1, N] define &; =
e; — (e;-e)e € el. Since vy(H(t);i) = & - vi(H(t)), from (4.72) and Lemma 4.20,
applied to the constrained DBM with q = &;, we find |vx(H(t);4)| < N~Y2, for
any t > 0. Similarly, for ¢ < D~'/4, the extension of the bound on the Stieltjes

1/4

transform follows immediately from Lemma 4.22 with B = D~"*. Summarizing, for

any 7 > N~ and 0 < t < D~'/*, we have

1 1

A7) () = mE)] < p

lo(H (t);4)] < N2,

This proves the first estimate of (4.70).
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In order to prove the second estimate of (4.70), we use a dyadic decomposition (see

g. [45, (8.2)]) to obtain, for any matrix H € M,

[logyn~ 1]

|Uk 2 can
Gij( |\Z|)\k_E+177| 4Nmk%><:]vk(l)| 1+ Z Ims(E +1i2"n) |.

n=0
We apply this estimate to the matrix H(t). By (4.73), we have maxy; |vi(l)]* <
1/N. Moreover, since nIm s(FE + in) is increasing in 7 (as may be easily seen from
the right-hand side of (4.68)), and since |m| < 1, the first bound in (4.73) implies
Ims(z) < 1+ 1/(Nn) for any n > 0, and thus Im s(F +i2"n) < 14+ 27" /Nn. For
n = 1/N°W we then have logn~™' < 1 and obtain I'(z) < 1 as desired. For arbitrary
n > 0 the claim then follows by [19, Lemma 2.1]. (In fact, we shall only need (4.70)
with n > 1/N°W))

Finally, we deduce (4.71) from the bound on the Stieltjes transform in (4.73). We
abbreviate A\, = \;(H (%)), and denote by

M
1
pse(l) = /psc(:c) dx, : Zl (M €1)
I Ic:l

the semicircle and empirical spectral measures, respectively, applied to an interval I.
Then, following a standard application of the Helffer-Sjostrand functional calculus
along the lines of [39, Section 8.1], we find from (4.73) and D < N that for any

interval I C [—3, 3] we have

1 1 1
Dl/4 + N1/4 = DL/’

(474) ’V(I) - psc(I)‘ <

(We note that previously (4.74) for t = 0 was given in [19, Corollary 1.3].) Using
(4.74), we may estimate \; — ~; as follows. By (4.74) applied to I = [—3, 3], we find

that there are at most O_(ND~/*) eigenvalues outside [—3,3]. Defining f(E) :=
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psc([E,00)), we therefore find from (1.6) and (4.74) that

100 = 5 = v +0(5) = Y3 +0<(57)

= (03 + 0< () = SO0 +0-(5r)

Since i € [kN, (1 — kN)], we have |f'| = ¢ > 0 in a neighbourhood of ~;, and we

therefore get (4.71). This concludes the proof. O

The next result shows that the suprema in (4.18) do not essentially change the size

of I.

Corollary 4.24. Fizn € N. For any 2 € C, and 0 <t < D™'*, we have

1
(4.75) sup sup F(H(t)+(d—1)_1/29-X;z) < 14+ —.
9el0,1]n Xexn Nn

Moreover, for any i € [1, N] and k € [1, M], we have
(4.76) sup sup |vg(H(t) + (d — 1)"12¢. X;i)| < N~VZ
0elo,1]m Xexn

Proof. We abbreviate H = H(t). Without loss of generality, by an argument analo-
gous to [19, Lemma 2.1], we may assume that n > 1/N. Hence, by (4.70), we have
['(H; z) < 1. It therefore suffices to show that if I'(H; z) < (d — 1)/2/(16n) then for

any 6 € [0,1]" and X € X™ we have

(4.77) T(H+(d—1)""20-X;2) < 2I'(H;2).
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To show (4.77), we use the resolvent identity to obtain (omitting the argument z for

brevity)
Gii(H + (d—1)"120 - X))

)

- ’Gij(H) —(d- 1)*1/2(G(H)(0 - X)G(H + (d—1)"6. X))

< T(H) +8n(d— 1)’ T(H)T(H + (d—1)""%9 - X)

S TH)+T(H+(@-1)"%0-X)/2.

Taking the maximum over ¢ and j yields (4.77). Finally, (4.76) follows from (4.75),
as in the proof of [19, Corollary 1.2]. O

Note that since G;;(H; z) = G;;(H; z), the estimates (4.70) and (4.75) for I" also
hold with n < 0 if n is replaced by |n| on the right-hand sides. We shall use this

tacitly in the following.

4.4.2. Proof of Proposition 4.6: eigenvalue correlation functions. We now prove that
the locally averaged local correlation functions of the matrix H(0)|cr converge to
those of H(t)|er for times t < N7'79DY2. The main ingredient of the proof is
the following lemma comparing functions of Green’s functions with spectral param-
eter n slightly smaller than 1/N. Its proof follows easily from Proposition 4.8 and
Lemma 4.23. For random matrices with independent entries, analogous results were
previously proved by the Green’s function comparison theorem [45], and by direct
analysis of the evolution of the matrix entries under Dyson Brownian motion [24].
We also remark that, in [86], eigenvalues are compared directly without involving the

Green'’s function.

Lemma 4.25. Fizn € N, and let k,7v,0 > 0 be sufficiently small. Then the following
holds for any n € [N7*77, N7, any sequence of positive integers ki, ks, ..., k,, any

set of complex parameters 27" = ET' +in, where j € [1,ky], m € [1,n], |E}"| <2—k,
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and the £ signs are arbitrary. Let ¢ € C°(R™) be a test function such that for any

multi-index m = (mq, -+ ,my) with 1 < |m| < 4 and for any w > 0 sufficiently small,
(4.78) max {|0™¢(z)| : |z] < N¥} < NO@W |
(4.79) max {[0"¢(z)| : [z| < N?} < NOW.,

Then, with the notations G1(z) = G(H(0);2) and Go(2) = G(H(t);z), for any

t < DY2N-179 we have

(4.80)

E¢ (N’“ Tr (H Gl(z;)> oo, NPT (H G@;))) —Eo(G, — Ga)

— O(N—5/2+O(“/)) )

Here, (G — G3) is the expression obtained from the one to its left by replacing
G1 with Go. The implicit constants depend on n, ki,...,k,, my,...,m,, and the

constants in (4.78)—(4.79).

Proof. For simplicity of notation, we show (4.80) only for n = 1 and k; = 1; the
general case is analogous. We then write z instead of z;. To show the claim, it then

suffices to show that
(4.81)

[E¢ (N"LTr G(H(t); 2)) — E¢ (NP Tr G(H(0); 2))| = O(tD™V2NH/2NO0))

Set F(H) := ¢(N"'TrG(H;z)). We claim that if r and n are fixed (arbitrarily,
independently of N), and if t < D™/, for any sufficiently large N (depending on

r,m,d), we have

(4.82) sup ||0"F||,.s < N/4H00)

0<s<t

Given (4.82), Proposition 4.8 with ¢ = §/4 yields (4.81).
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Thus, it only remains to show (4.82). Recall that the derivative of the Green’s
function in the direction of a matrix X € X is given by OxG = —GXG (using that
elements in X act on et). Therefore, by the Leibniz rule, for any Xi,..., X, € X

and any H € M, we have

aXl e 8X G = (—1)n Z GXO-(l)G‘ o GXo'(?’L)G7

n

o€Sn
where S, is the set of permutations of n elements, and we omit the dependence on H
on both sides in our notation. Since (with respect to the standard basis of RY) each
X € X has at most 8 nonvanishing entries, and since these are in {£1}, by definition
of I' it follows that

IN"'TrOx, ---0x,G| < N~ Zn'max| GX,1)G - - GXyn )”} < 8"l

oESH

From this and the chain rule, we obtain that there exist constants C,, such that

(4.83) 0x, - Ox, (NI Tr G)| < C,I'™™ max [¢™)].

os<m<n

By Corollary 4.24 and since || > N7, we have suppc(o 1jn SUpxexn I'(H(s) + (d —
)72 . X) < N7, for any 0 < s < t. For n < 4, by assumption (4.78) and (4.83)
therefore

(4.84)  sup sup |Oy, - Ox, ¢(N"TrG(H(s) + (d — 1)~120. X))| < NOO)

fe[0,1]» Xexn

On the complement of the high-probability event of < in (4.84), we use the trivial
bound I' < =t < N'™ and (4.79). We obtain
(4.85)

sup sup |Ox, -+ 0x,0(N " Tr G(H(s) + (d — 1)~120 . X))| < Cop " NOW < NOW
0el0,1]m Xexn
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for any 0 < s < ¢t. By combining the estimates (4.84)—(4.85), for any constant
r = O(1), we have

(4:86) |07 F s < NYEHOO) 4 N=G/400) ¢ No/4406)

Y

where ( is as in Definition 4.19 and chosen sufficiently large, depending on r. This

concludes the proof. O

The following lemma is essentially [45, Theorem 6.4]. It transforms the statement
about the Green’s function of Lemma 4.25 to a statement about the local correlation

functions.

Lemma 4.26. Consider two random matriz ensembles Hy and Hy with Green’s func-
tions G1(2) and Go(2). Suppose that, for all ¢ and parameters as in the statement
of Lemma 4.25, the estimate (4.80) holds. Then the local bulk eigenvalue correlation

functions of Hy and Hs coincide.

Proof of Proposition 4.6: correlation functions. The proof follows directly by com-

bining Lemmas 4.25-4.26, with ¢ given as in the assumption of Proposition 4.6. [

4.4.3. Proof of Proposition 4.6: eigenvalue gap statistics. To prove that the eigen-
value gap statistics are stable for short times, we require a weak level repulsion
estimate. Such an estimate was derived in [52, Theorem 4.1] for sparse matrices with
independent entries, using a level repulsion estimate for ¢ > N~!*¢ established in
[63]. Here we adapt the proof of [52, Theorem 4.1] to random regular graphs. The
nontrivial dependence is dealt with by Proposition 4.8.

If X\i(H) is a simple eigenvalue of H|., we define

1 1
(4.87) QuH) = 5 D (Nj(H) — Xi(H))?

JijFig<M
and extend this definition by Q;(H) := oo if \;(H) is not a simple eigenvalue. This

quantity plays an important role in [86], where it is observed that it captures the
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singularities of the derivatives of A\;(H). In [52], it is found that @); is stable under
DBM and can thus be used to show weak level repulsion from such an estimate for

larger times (when a Gaussian component is present).

Proposition 4.27 (Level repulsion). Fix k > 0. Then for any sufficiently small

7>0, any i € [kN, (1 — k)N], and any s > 0, we have

(4.88) P(Qi(H(s)) = N77) = O(N~"/?).

In particular,

(4.89) P(N(H(s)) — N1 (H(s)) S NTI7) = O(NT/?).

Proof. The proof is analogous to that of [52, Theorem 4.1], with H|s. instead of
H. We here focus on the differences. These result from the replacement of [52,
Lemma 4.3] by Proposition 4.8, which takes into account the nontrivial correlation
structure of the random regular graph. As in [52], if A\;(H) is a simple eigenvalue of

H|e1, we define the matrix

1 1 G(H;z)

vi(H\WV,(H) = — VR g,
) — o) VT = 50 B e M) = 2

Ri(H) =

JiFLISM
where w is chosen such that the contour |z — \;(H)| = w encloses only \;(H). Then

we have

QuH) = <3 TH(RA(H)).

Given 7 > 0, define a cutoff function y satisfying the following two properties:
(1) x is smooth, and the first four derivatives are bounded, i.e. [x*(z)| = O(1),
for k = 1,2,3,4; (2) On the interval [0, N*7], |x(z) — 2| < 1, and for z > N?7,
x(z) = N?7. Then x o Q; extends to a smooth function on the space of symmetric

matrices.
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The proof of (4.88) consists of three steps. The first step is the estimate
(4.90) E[x(Qi(H(s)))] = O(N*T2),

for s >t := N, This estimate follows from [63, Theorem 3.6], whose assumptions
are satisfied with high probability for the random d-regular graph by Proposition 4.23.
In particular, independence of the entries of H is not used.

In the second step, we derive the comparison estimate

(4.91) [E(Qi(H(1)))] - E(Qi(H(s)))]| < 1,

for s € [0,¢]. Instead of using [52, Lemma 4.3], which requires that the entries
of the random matrix H(s) are independent, we use Proposition 4.8, which takes
into account the nontrivial correlation structure of the random regular graph. By

Proposition 4.8 with F(H) := x(Q;(H)), it suffices to bound

(4.92)
1/r

HanF”T‘,s = E sup  sup ‘8X18X2"'8X F(H(S) + (d_ 1)_1/29'X)’T )

6e[0,1]» Xexn

n

for any (large) fixed integer r and n = 1,2,3,4. To this end, the computation of
the proof of [52, Proposition 4.6] applies, by simply replacing the derivatives 822) by
Ox, -+ - Ox, with X; € X. Here the formulas [52, (4.16)—(4.18)] remain valid after
replacing V' by the X; appropriately, and similarly the formula below [52; (4.18)]
remains valid after replacing V;; by vi(H)X;v;(H). Moreover, an analogous formula
holds for n = 4; see e.g. [79, p.8]. The same formulas are valid with H replaced by
H+(d—1)"120. X. Since the X; have only 8 nonvanishing entries (in the standard
basis on RY), and these are equal to 41, Corollary 4.24 then implies

sup sup |V:(H(S) +(d—-1)""20- X)Xy v;(H(s) + (d - 1)_1/29'X)| < N7
0elo,1]m Xexn
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for any s € [0,¢]. As in the proof of [52, Proposition 4.6], we therefore get
sup  sup |9x,dx, - Ox, F(H(s) + (d - 1)720- X)| < NO+7,
0el0,1]" Xexn

From this, bounding (4.92) as in (4.86), we obtain
(4.93) |0"F |, < NetF2ar,

for arbitrarily small ¢ > 0 and N large enough. Then (4.91) follows from Proposi-
tion 4.19 since O(tD~Y2N)NH6™ L O(N—/22¢+67) L 1 for t < N~'*¢and D > N,
by chooosing ¢ and 7 sufficiently small.

In the last step, we combine (4.90) and (4.91), and thus obtain

E[x(Qi(H(s))] = O(N*2),

for any s > 0. Then (4.88) follows easily by Markov’s inequality and the definition
of x. U

Proof of Proposition 4.6: gap statistics. Throughout the proof, we use the abbrevi-
ation A\i(t) = N(H(t)). Fix k > 0, 6 > 0, and t < N~'9DV2 Since py.(y:) is
bounded above and below for i € [xN, (1 — k)N], it suffices to prove (4.14) with
psc(7i) replaced by 1. Moreover, for any n € N and ¢ € C*°(R") with bounded first

four derivatives, it suffices to show the stronger claim
(4.94) IE(b(N)\i(O), ce N)\Hn(O)) = IEgb(N)\Z-(t), . ,N)\Hn(t)) + ¢(1)

as N — oo, uniformly ini € [N, (1 — k) N]. For simplicity of notation, we only prove
(4.94) for n = 1; the general case is analogous and we comment on the differences at
the end of the proof. Thus, for any ¢ € [kN, (1 — k)N] and ¢ € C*°(R) with bounded

first four derivatives, we show

(4.95) E[p(NA:(0))] — E[p(NA:(1))] = o(1).
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Given a small constant 7 > 0, we choose a cutoff function p such that p(x) = 1 for
r < N?7 and p(z) = 0 for z > 2N?". Using (4.88), we can first remove a bad event

on which Q; is large:

[E[p(NA(0)] — E[e(NA:(1))]]
< [E[p(NX:(0)p(Qi(H(0)))] — E[p(NXi(1)) p(Qi(H (1)))]]

+ ]l (P(Q:(H(0)) = N?T) + P(Q;(H(t)) > N*7))

< [E[B(NA0)p(Qi(H (0)))] — E[(NA()p(Q:(H(1)]] + O ( 19t ) -

To estimate the right-hand side, we apply Proposition 4.8 with F'(H) := ¢(NX;(H))p(Qi(H)).
By an argument analogous to that used to obtain (4.93), for any r and n = 1,2, 3,4,

we find the bound
(4.96) |0"F ||, < N¢tOM

for arbitrarily small ¢ > 0 (and N sufficiently large). More precisely, by the product
rule, the derivatives act either on ¢(N);) or p o @;. In the bound of any of these
derivatives, by definition of p, we can assume that Q; < 2N?7. Then the derivatives
of po(); are bounded exactly as in the proof of Proposition 4.27. For the derivatives
of (N X;), by the chain rule and since ¢ is smooth, it suffices to bound the derivatives
of the eigenvalues )\;. This is again done similarly to the bounds on the derivatives
of ;. Indeed, the derivatives of the eigenvalues can be expressed in terms of the
eigenvalues and eigenvectors as done in [52, (4.16)—(4.18)] (and with [79, p.8] for
n = 4). The latter expressions are bounded using the delocalization of eigenvectors

(4.70), and using that

1 V20 ( 1 EOM2(17( s
PO v we TR ARGICIND Dh v ey w e AR (O}

JigF# Jig#

as in [52, (4.11)—(4.12)].
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As a consequence of Proposition 4.8 and (4.96), with t < N~'=°D'2  we finally

obtain

[E[6(NA:(0))p(Q:(H(0))] = E[p(N () p(Qs(H))]| = O(NFOD=0),

and (4.95) then follows by taking ¢ and 7 small enough that ¢ + O(7) < 4.
In the general case of a test function ¢(NA;, ..., NX;i,), we use the product of
cutoff functions (po Q;) - - (po Qitn) instead of p o Q;, and proceed otherwise analo-

gously. O

4.4.4. Proof of Proposition 4.7.

Proof of Propositions 4.7. Given the estimates (4.70)—(4.71), the same argument as

in [52, Section 3] applies. O

APPENDIX A. COMBINATORIAL ESTIMATES FOR RANDOM REGULAR GRAPHS

A.1. Proof of Proposition 2.1.

Proof of (2.6). For w = 1, a proof of the statement is given in [65, Lemma 2.1] or [21,
Lemma 7], for example. The more general statement follows from the same proof.
More precisely, in [65, (2.4)], it is shown that for any i € [N], the excess X; in Bg(i, G)
is stochastically dominated by a binomial random variable with n = d(d — 1)# trials

and success probability p = d(d — 1)#~1/N. It follows that

P(X; > w) = O<<d(d - 1)R) (M)w+l) - O(N““‘l(d—l)?R(““)) - O(N—w—l-i-?/i(w-ﬁ-l))'

w+1 N

By a union bound, and using x < 6/(2w + 2), therefore
P(X; > w for some i € [N]) = O(N @+ t)) — o(N—w+)

as claimed. O
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Proof of (2.7). The claim follows from [72, Theorem 4], for example. Indeed, if
Br(i,G) is not a tree, then some edge in Bg(i,G) must lie on a cycle of length at
most k = 2R, and any edge that lies on such a cycle is in Bg(j, G) for at most 2(d—1)%

vertices j € [N]. Thus
(A.1) [{i € [N] : Bg(i,G) is not a tree}| < 2(d — 1) X = 2N*X

where X is the number of edges in G which lie on cycles of length at most k. With
k=2R and A > 2 in [72, Theorem 4], we obtain

N

(AQ) P(X _ M) < (65(A71)A75A)(d71)k efc(dfl)k — echQ"”"

if M = 20Ak(d — 1)*, where ¢ is some universal constant. Let My = 40k(d — 1)F <

80R(d — 1)* < 8ORN?*. By a union bound, then
(A.3) P(X > My) < Ne~ V™" L e=N™"/2,

Thus, with probability 1—e=*N""/2 and using x < 6/(2w+2) < 6/4, R = |rlog,  N| <

N, we have
(A4) |{i € [N]: Bg(i,G) is not a tree}| < 2N*X < 2N"M, < 160RN** < N?,

which is better than claimed. O

A.2. Proof of Proposition 2.2.

Proof of (2.8). We fix vertices i,j and an integer k. Given a graph G, we denote
by t,(G) the total number of non-backtracking paths from i to j of length less than
distg (7, 7) + k. We modify the graph G in the three steps such that, in each step, ¢
does not decrease, and the excess remains the same. Then it suffices to prove (2.8)

for the final graph.
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Step 1. Given an edge e = {x,y} € G that is not a self-loop and not on a geodesic
from ¢ to j, we shrink the edge e to a point (remove e and identify its incident
vertices), and so obtain a new graph G’. There is a bijection between the oriented
edges of the graph G \ {e} and those of the graph G'.

Now we show that the total number of non-backtracking paths from i to 5 of length
less than distg(i,7) + k = distg/(i,7) + k in G is at least t;. Let (€1,€,€5,...) be
any non-backtracking path from 7 to 7 in the graph G that is not a geodesic. If some
és is (x,y) or (y,x), we remove it from the path and view the remaining part as a
path from ¢ to j in the graph G’. In this way we get a shorter path from 7 to j in
G'. The new path is still non-backtracking, and we can recover the original path in G
from the new path in G’ since = # y. Therefore the total number of non-backtracking
paths from i to j of length less than distg(i, j) + k = distg/(7,j) + k in G’ is at least
ti-

We repeat this procedure with edges e (not on a geodesic) chosen arbitrarily as
long as possible. This creates a new graph G; (which may depend on the choice of
edges in the steps) with vertex set G;. By construction, the edges in G, are either

self-loops or on geodesics from 7 to 7. Thus the vertex set of G; decomposes into
(A5) Gl = Vo @) Vl J---u Vdistgl (4,9) where Vm = {U S Gl : diStgl (Z, 1)) = m},

or equivalently, Vaisg, (i.j)-m = {v € Gi : distg, (v, j) = m}. In particular, Vo = {i}
and Vdistgl () = 1J}- Any edge in G, is either a self-loop or has one vertex in V,,
and the other vertex in V,,,, for some m € [0, distg, (¢, j) — 1]. The excess of G is

Ww.

Step 2. Given two edges € = {Up, Vpq1} and € = {vy,, v}, } with v, € V,, and
Umi1 7 VU1 € Viy1, we remove the edge € and identify v), ., with vy, thus
creating a new graph Gj. Again there is a bijection between the oriented edges of the

graph G; \ {¢'} and those of the graph G;.
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Now we show that the total number of non-backtracking paths from i to 7 of length
less than distg(i, j) +k = distg (i,7) +k in G] is at least t;. Let (€1, €5,€5,...) be any
non-backtracking path from 4 to j in the graph G;. If €5 = (v],,,vn) and €541 #
(Um, Um+1), we replace €3 by (Um1,Vm); if €3 = (U], 11, V) and €s41 = (Um, Umi1), We
remove both €g and €gy1; if €5 = (Um, v}, ) and €s_1 # (Um+1, Um), We replace €g by
(Vm, Um41); if €3 = (U, V0,4 1) and €1 = (Upmy1, V), We remove both €3 and é€j_;.
Then we view the remaining part as a path from i to j in the graph G;, whose length
is at most as long as that of the original path. The new path is still non-backtracking,
we can recover the original path in G; from the new path in G| since vy, 41 # V), -
Therefore the total number of non-backtracking paths from ¢ to j of length less than
distg (4, 7) + k = distg (i, j) + k in Gj is at least t.

For any m € [0, distg, (i, 7) — 2], if in the new graph |{v : distg, (i,v) = m+1}| > 2,
we can repeat the above process to reduce it by one. We repeat this procedure as
long as possible, choosing at every step edges e and ¢’ arbitrarily such that the
conditions are satisfied. Finally, we obtain a graph G, (which again is not unique)
that has exactly distg, (i, j) + 1 vertices, {vg = i, vy, v, . .. ) Udistg, (i) = j}, such that

distg, (1, vs) = m for m € [0, distg,; ;)]. The excess of Gy is w.

Step 3. In the final step, given any edge e from v,, to v,, 1, if it is the only edge from
Um t0 Upy1, We shrink it to a point. This preserves non-backtracking paths, and it
reduces the distance between ¢ and j by one. By shrinking all edges of multiplicity
one, we obtain a graph Gs. The number of non-backtracking paths from ¢ to j of

length less than distg, (4, j) + k is at least i, and the excess of G5 is w.

Final step. To bound the number of non-backtracking paths from ¢ to j in G, it suffices
to estimate the number of non-backtracking paths from ¢ to j in the graph Gs. Let
¢ = distg,(i,7), s be the total number of self-loops in Gs, w,, + 1 the multiplicity
of the edge {vm-1,vm}, for m € [1,£], and set w = maxjcm<s Wy, Since Gz has

excess w, S + anzl Wy, = w. The maximum degree of the graph Gs is bounded by
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2s 4+ 2w + 2. Now any non-backtracking path from i to j of length ¢ + k necessarily
contains the edges (vo, v1), (v1,v2), ..., (ve_1,v¢), and for each of them there are w; +
1, we+2, ..., wy+1 choices respectively. For other steps, there are at most 2s+1+2w

choices. The total number of such paths is bounded by

(A.6) (ﬁ ; k) (25 + 1+ 2w)* [ (wm + 1),

m=1

under the condition s + anzl Wy, = w. Note that (A.6) increases if we decrease s
by 1 and increase some w,, in such a way that w increases by 1. Therefore (A.6)

achieves its maximum at s = 0. We denote

ap == (5 ; k) (1 +2w)k ﬁ(wm +1),

m=1

Since 14+ n < 2" for any n € Ny and an:l Wy, = w, we then have a¢ < Hz

m=1

(wm +

1) < 2% For a; with k& > 1, notice that w = 22:1 Wy, = w+ (¢ — 1) so that

w < w— (¢ —1), and thus

(+k 2 5)2
ar < %(1 +2w)ag_1 < (04 1)(2w — 20 + 3)ag_1 < %%—1

N

(2w - ]-)ak—h
given that w > 6. Therefore
th<aot+ar+ -t ap <29(1+ (29 =1) 4+ (29 = 1)) < 2¥m,

This finishes the proof. U

Proof of (2.9). Let H be the vertex set of H, wy be the excess of the subgraph H,
and H the subgraph induced by G on H. If distg(i,) > £+ 1, then (2.8) implies

#{non-backtracking paths from i to j of length ¢ + k, not completely in H}

< #{non-backtracking paths from i to j of length £ 4 k} < 2**,
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and the claim (2.9) follows. Therefore, in the following, assume that distg(i, j) < ¢,
and also that H,G are connected (otherwise, we can replace H by its connected
component containing ¢ and j, and G by its connected component containing H).
For any non-backtracking path from ¢ to j which is not completely contained in H,
let € be the first edge in the path which does not belong to H. There are three
possibilities for such edge e: (i) e € H. We denote the set of such edges by E;. (ii)
If we remove e from G, then G \ {e} breaks into two connected components. It is
necessary that the component not containing ¢, 7 contains cycles. We denote the set
of such edges by Es. (iii) e ¢ H, and if we remove e from G, G\ {e} is still connected.
We denote the set of such edges by FEjs.

We consider the graph G\ { E1UE>UEs}, from G by removing edges EyUE,UFEs. Tt
consists some many connected components, one corresponds to the graph H, others
are in one-to-one correspondence with the connected components of G\ H, the graph
from removing ‘H from G. Notice from the definition of these edge sets Ei, Fs, Fs,
each connected component of G \ H contains exactly one edges in E, or at least two
edges in Ej5. Therefore, G\ {F1 U E2 U E3} has at most 1 + |Ey| + |E3|/2 connected
components, where 1 represents the component H. For the excess of G\{ E1UE;UE}3},
since its subgraph H has excess wy, and each new components, due to removing of

edges in Fs, has excess at least 1, G\ {E; U Ey U E3} has excess at least wy + |Es.

Claim A.1.

(A.7) 2|Er| + | Ea| + | Es| < 2(w — wo)

Proof. To prove (A.7), for any finite graph X, set

(A.8) X(X) = #connected components(Gy) — excess(Gy).

By the definition of excess, x(X') = #vertices(Gy) — #edges(Gp), we have y (X \ e) =

X(X) + 1 for any graph X and any edge e in X. Since the graph G is connected and



199
has excess at most w, it follows that x(G) > 1 — w. Thus if we remove E; U Ey U Ej
from G, the remaining graph has excess at least wy+|E2| and at most 1+|Es|+|Es|/2

connected components. Therefore
1+ ‘EQ’ + ’Eg‘/2 — |E2’ — Wy 2 X(g \ (El U EQ U Eg)) 2 1—w+ |E1’ + |E2‘ + |E3’,
and thus |E1| + |Fa| + |E3]/2 < w — wp. (A.7) follows. O

In the following we count the number of length ¢ 4 k£ non-backtracking paths from
i to j, containing € = (i1, j1) as the first edge not in H, i.e., {i1,j1} € F1 U Ey U Es.
Let distg(i,i1) = ¢ and distg(j1,j) = 2. Since {iy, 71} is not in H, it is necessary
that ¢; + 5 > ¢. Thus, € must be the ¢; + 1,¢; +2,..., or (¢; + k)-th step in the
path. The total number of such non-backtracking paths is bounded by

k
Z #{non-backtracking paths from i to i; of length ¢; + k1 — 1, in H}
k=1

x #{non-backtracking paths from j; to j of length £ + k — ¢; — ky, in G}

k k
< Z 2ka12w(k—k1+1) g 2w(k+1) Z 2(w0—w)k1'
k1=1 k1=1

Since by (A.7), 2|E1| + |E2| + |Es| < 2(w — wyp), there are at most 2(w — wy) choices
for the oriented edge €, the total number of such non-backtracking paths is bounded

by
#{non-backtracking paths from 7 to j of length ¢ + k, not completely in H}

k
g 2((.0 o wo)Qw(k+1) Z 2(0J0*w)k1 < 2w(k+1)+1.
ki1=1

This completes the proof. 0

A.3. Proof of Lemma 3.35. To understand the distances distg(z,) for all i € Ty,

we need some more notations. A simple pruning[46, Definition 4.4] is the operation
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of removing one leaf and its incident edge from a graph. By repeating pruning on
the graph Gy, we get a graph G, with vertex set Go, such that it contains at most

two leave vertices: 1 and z.

Claim A.2.
(A.9) IGoN Ty <2w+1, 0<k<L

Proof. For k = 0, (A.9) holds trivially, |G,NTo| = 1 < 2w+1. For k > 1, say GoNT}, =

{v1,v9,..., v, }. By our construction of Gy, there are vertices v, v),..., v, € Tx_4

m
such that the edges {v},v;}, {vh, vo}, ..., {v} , vm} € Go. For any i € [1,m], if we
remove the edge {v},v;} from G,, the graph G, will either still be connected; or it will
break into two connected components, one contains vertex 1, and the other contains
vertex x or some cycles. Let my, ms the number of edges in the first case and second
case respectively. If we remove all edges {v],v1}, {vh, va}, ..., {v],, v}, there will be
at most 1+ my/2 + my connected components, and at least excess my — 1,,,~0 left.

Notice that the graph G, is connected and has excess at most w. Recall the function

X as in (A.8), we have

1 +mo+ m1/2 - (mQ - 1m2>0) > X(QNZ \ {{Ullavl}v SRR {U;rwvm}}) 21 —w+mi+ms.

Therefore m; + mo < 2w + 1, and the claim follows. O
With the above preparations, we can prove Lemma 3.35 as follows.

Proof of Lemma 3.35. Fix a geodesic P (viewed as a sequence of oriented edges) in
Go from vertex x to vertex i € Ty, there are three possibilities for its step (v/,v): (i)
the edge is downward, i.e. distg (1,v) = distg (1,v') + 1; (ii) the edge is horizontal,
i.e. distg (1,v) = distg (1,7), in this case v € Go; (iii) the edge is upward, i.e.
distg, (1,v) = distg (1,v") — 1, in this case v € G,. We denote (v',v) the last step in

P, which is horizontal or upward. Then v € G, and we say the vertex 7 is associated
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with the vertex v (which may not be unique). By our choice of (v/,v), the steps from
v to ¢ in P are all downward, thus v € T. Moreover we have the estimate: for any

vertex ¢ € T, associated with v
distg, (z,4) > |distg, (1, 2) — distg, (1, v)| + distg, (v, 7)

= |distg, (1, ) — distg, (1,v)| + |¢ — distg, (1,v)] .

Especially, if v € Ty,, i.e. v is distance {3 from vertex 1, the above relation simplifies

to
diSth(I,i) = |€1 - €3| + (f - 63),
and by noticing ¢ < 1, we have
gra2 i 0 < 0
q£_£17 if 63 2 61

(AlO) qdistgo (,2) <

?

In this way, each vertex ¢ € T, is associated with some vertex v € @2. Ifve @2 NTy,,
the total number of vertices in T, associated with v is at most (d — 1)~ since they
are all distance {—/3 away from v. The total number of vertices ¢ € T, associated with
some v € GoN{Ty, UTy, 41 - - -UT,} is bounded by (2w+1)(14(d—1)4- - -4 (d—1)") <
2(w + 1)(d — 1)%, provided that d > 2w + 3. Notice that we have the decomposition

{¢*'0™) e T} = U436[07g1_1]]{qdiStg'o(x’i) :i € Ty, i is associated with some v € Gy N'Ty, }

U{qg™% ™ . j € T,,i is associated with some v € Gy N {Ty, UTypq - UT, ).
Lemma 3.35 follows by combining with (A.10) and (A.9). O

APPENDIX B. PROPERTIES OF THE GREEN’S FUNCTIONS

Throughout this paper, we repeatedly use some (well-known) identities for Green’s

functions, which we collect in this appendix.
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B.1. Resolvent identity. The following well-known identity is referred as resolvent

identity: for two invertible matrices A and B of the same size, we have
(B.1) At'—-B 't =AY B-AB'=B1YB-A)A"

B.2. Schur complement formula. Given an N x N matrix M and an index set
T C [N], recall that we denote by M|y the T x T-matrix obtained by restricting M
to T, and that by M™ = M livp\r we denote the matrix obtained by removing the
rows and columns with indices in T. Thus, for any T C [N], any symmetric matrix

H can be written (up to rearrangement of indices) in the block form

A B
(B.2) H= ,
B D
with A = H|r and D = H™. The Schur complement formula asserts that, for any
S (CJF,
(B.3)
(A-BGMB)! —(A—-BGMB)'BG™

G=(H-2)"'=
~-GPBA-BGYB) ¢+ GMB(A-BGDB)1BGM

9

where GM = (D — 2z)~'. Throughout the paper, we often use the following special
cases of (B.3):

Glr = (A—BGYB)™,
(B.4) G|re — G = Glrer(Glr) ' Glrre,
G|rre = -Gt B'G™D,

as well as the special case

GiGr;j

B.5 oW —q, —
( ) J Gk:k

v
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B.3. Ward identity. For any symmetric N x N matrix H, its Green’s function
G(z) = (H — 2)7! satisfies the Ward identity
N

(B.6) S (G = mCu)

j=1 "

where n = Im[z]. This identity follows from (B.1) with A = H — z and B = (H — 2)*.
In particular, (B.6) provides a bound for the sum Zjvzl |Gy;(2)]* in terms of the
diagonal of the Green’s function. For an explanation why this algebraic identity has

the interpretation of a Ward, see e.g. [83, p.147].

B.4. Covering map. For any vertex i, the vector (Gii, Gia, Gi3,...) € 2([N]) is

uniquely determined by the following relations:

1
) Vid =1 k;k ’
(B.7)
zG

1
i = G;
J \/d—lk;k F

where | ~ k denotes that [ and k are adjacent in G, i.e., that A, = 1.

Lemma B.1. Given a covering 7 : G — G of graphs, denote the Green’s function of

G by G and that of G by G. Then for all vertices i, in G, the Green’s functions obey
y(y)=j

Proof of (B.8). We give the proof for simple graphs G,G. (The statement also holds
for graphs with self-loops and multiple edges if >, . . is interpreted as the sum of
all the oriented edges (i, k); especially, a self-loop should be counted twice.) Clearly,
G satisfies the relations (B.7) with G replaced by G. For any fixed = € G such that

7(x) =i, we can define:

(B.9) Gij = Gy,
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if the right-hand side is summable. Assuming that for any j the right-hand side of
(B.9) is well defined, we verify that (G};); satisfies the relation (B.7), and thus that

it gives the Green’s function of H. Indeed,

1+ZGZ‘Z‘:1+Z Z ézy:1+2éxx+z Z éxy

y'ﬂ(y)=i yim(y)=iy#z
1
7= 2 CGut > 2 G =y Z
wWW~T d_lyﬂ'( =i, yFT Www~y w(y)=i wiwn~

Since there is no self-loop and multi-edge in our graph G, for any y; # o with

7(y1) = w(ya) =i and wy ~ y; and wy ~ ys, it is necessary that w;y # we. Therefore:

1
- \/—Z Z w:\/ﬁk;kGik'

=i wiw~y kii~k wim(w)=

Similarly, for the second relation (B.7),

~ 1
ZGz‘j:Z Z Gg; \/— Z Z Tw \/—Z Z w:\/meGika

yim(y)=j yim(y)=j ww~y k:j~k wir(w)= ik

as needed. ]
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